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Chapter 1 


Introduction 


The aim of the present book is a unified representation of some recent results in 
geometric function theory together with a consideration of their historical sources. 
These results are concerned with functions f, holomorphic or meromorphic in a 
domain 2 in the extended complex plane €. The only additional condition we 
impose on these functions is the condition that the range f(Q) is contained in a 
given domain II c C. This fact will be denoted by f € A(Q,II). We shall describe 
how one may get estimates for the derivatives |f(™(zo)|,n € IN, f € A(Q,T), 
dependent on the position of zp in Q and f(zo) in II. 


1.1 Historical remarks 


The beginning of this program may be found in the famous article [125] of G. 
Pick. There, he discusses estimates for the MacLaurin coefficients of functions 
with positive real part in the unit disc found by C. Carathéodory in [52]. Pick 
tells his readers that he wants to generalize Carathéodory’s estimates such that 
the special role of the expansion point at the origin is no longer important. For 
the convenience of our readers we quote this sentence in the original language: 


Durch lineare Transformation von z oder, wie man sagen darf, durch kreisge- 
ometrische Verallgemeinerung, kann man die Sonderstellung des Wertes z = 0 
wegschaffen, so daf sich Relationen fiir die Differentialquotienten von w an be- 
liebiger Stelle ergeben. 

The first great success of this program was G. Pick’s theorem, as it is called 
by Carathéodory himself, compare [54], vol II, §286-289. 


If 2 € A= {z | |z| <1}, f e A(A,A), and f(z0) = wo, then the inequality 


| wo — f(z) 
1 — wof() 


ZQ0 — & 


i: Sea; (1.1) 


1 — Zz 


is valid. 
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This theorem follows immediately from Schwarz’s Lemma using holomorphic 
automorphisms of the unit disc. A direct consequence of Pick’s theorem is the 
inequality 
1 —|f(z0)|? 


1—|z0|? 


If’(20)| S 


feA(A,A), 2 EA. (1.2) 


To be more complete about the history of the inequality (1.2) we have to mention 
that O. Szdsz (see the footnote in [160], p.308) attributes it to E. Lindelof [105] 
and indicates that (we quote once more): 


Neuere Beweise dieser Relation gaben Carathéodory und Jensen. Herr Jensen 
zeigte, wie der Satz aus dem schon von Herrn Landau 1906 bewiesenen Spezialfall: 
|c1| < 1 — |eo|? leicht folgt. 


As an oft-quoted proverb says “Success has many fathers, but failure is an 
orphan”. For us, at this place the second part of this proverb hints of unsolved 
mathematical problems. 

It is clear that Schwarz’s lemma and its generalizations became widely known 
in the period of a systematic study of results which are closely connected with the 
proofs of the Riemann theorem on conformal mappings. By the way, the original 
version of the lemma may be found in [149], where H.A. Schwarz discussed the 
Riemann mapping theorem. 

Now, it is well known that one may generalize the inequalities (1.1) and (1.2) 
to f € A(Q, TD, 20 € Q, and f(z) = wo, where 2 and II are domains that have 
at least three boundary points. This generalization is known as the principle of 
hyperbolic metric (see for instance R. Nevanlinna [120] and G. M. Goluzin [70]). 

An important case is presented by simply connected domains. Let and II be 
simply connected proper subdomains of € and let ®g,., be the unique conformal 
map of A onto 2 such that &o,,,(0) = zo and ®Q ., (0) > 0. The existence of this 
map is proved by the Riemann mapping theorem.We define ®y ¢,,) analogously. 
Then the function 


w= Br p20) o fob, ., (1.3) 
belongs to the family A(A, A) and satisfies w(0) = 0. Hence, Schwarz’s Lemma 
implies 
Orr F(z0) (9) 

Bo 29 (0) 


the generalized Schwarz-Pick inequality. The quantities 


If’(z0)| S 


R(z,Q) := Ho .,.(0) and R(f(zo), II) := Di f(z) (9) 


are called the conformal radius of 2 at the point zo and of II at wo = f(zo), 
respectively, and will be used here to describe the positions of the points zo in Q 
and f(zo) in II. 
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1.2 On inequalities for higher derivatives 


We ask for inequalities of the form 


(1.4) 


where f and zp are as above. 

Concerning the history of inequalities for higher derivatives, we should men- 
tion here that the interest of researchers in geometric function theory was concen- 
trated for a long time after 1920s on the famous Bieberbach conjecture, i.e., the 
conjecture that 

Lf (0)| 


Ol <nlf'(0) (1.5) 


for functions f holomorphic and injective on A. This may be seen as a special case 
of the above inequality, where f maps A conformally onto the simply connected 
domain f(A). Since it seemed very difficult to prove this conjecture, less attention 
was attracted by the generalized Bieberbach conjecture or Rogosinski conjecture, 
which in the above formulation means that 


LA (0) 


n! 


< nR(f(0), 1) (1.6) 


for any simply connected proper subdomain II of © and any f € A(A,II). An 
equivalent formulation of the Rogosinski conjecture is the following. 


Let g be holomorphic and injective on A and let there exist a functionw: A> A 
such that w(0) =0 and f = gow. Then (1.6) is valid. 


As usual, we will abbreviate this relation between f and g by f ~ g and say 
that under these circumstances f is subordinated to g. 

It was a great surprise when de Branges succeeded in proving not only (1.5) 
but also (1.6) in 1985. Soon afterwards, it was recognized, especially by Yamashita, 
that one could use (1.5) to go further steps in Pick’s program for functions injective 
on A. In fact, it had been seen earlier by Landau and Jakubowski that the validity 
of the Bieberbach conjecture would imply sharp bounds for | f(")(z9)|, 29 € A, and 
f injective on A. We will give an outline of these results in the present book. 
Further, we will speak on the ideas of Chua [56], who indicated that (1.5) could 
be used to derive similar bounds for functions f injective on simply connected 
domains (2. In this paper, he considered in addition the case that 2 is convex and 
published the following conjectures. 


Let f be holomorphic and injective on a proper conver subdomain Q of C. Then 
for any z € Q, and any n > 2 the inequality 


|f (z0)| 


ni 


If" (20)| 


<(n+1)2" (R(z, "= 


(1.7) 
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is valid. If in addition f(Q) is convex, then 


Lf (z0)| < gn-1__lf"(0) 


n! (R(z0,2))"-! (28) 


is valid. 


Motivated by the work of Ruscheweyh and Yamashita, who had proved esti- 
mates of the type (1.4) and similar ones, the authors of the present book concen- 
trated research in the last years on formulas like (1.4). The results of this research 
together with known theorems in this direction form the content of this book. Es- 
pecially, we shall show that Chua’s conjectures are true. We will show even more, 
namely that 

M,, (20,0, 1) < (n+ 1)2"-? 
for f € A(Q, 1), Q convex and II simply connected and that 
M,(20, Q, II) < Oe: 


for f € A(Q,TI), 2 and II convex. These results will be completed by several 
considerations for special cases of Q and II as well as by computations of the 
dependences of M,,(zo, 9, II) of the variable zo. 


One further implication of the validity of the Bieberbach conjecture is con- 
cerned with meromorphic functions univalent on A. In 1962, J. Jenkins considered 
functions f that in addition to the above properties satisfy the condition that the 
pole of f lies at a point p € (0,1). He proved that for such functions the Bieberbach 
conjecture would imply 


-1 
FO) & IFO Tox 
k=0 
This result motivated us to generalize the above considerations to proper subdo- 
mains of C. It is natural that here the positions of zp in Q and f(z) in II relative 
to the point at infinity enter the picture. We use the hyperbolic distances to char- 
acterize those items. We will prove results of the type (1.4) using a generalization 
of the conformal radius. These results are satisfying in the following cases: 
1) 0 and TI are simply connected with respect to C. 

2) Q is simply connected with respect to C and II is convex. 
3) Q is convex and C \ II is compact and convex. 


In the important case that Q = A or 2 convex and II is simply connected with 
respect to C we can present only partial results. 


One of the chapters is devoted to the most difficult case, the case of multiply 
connected domains. Here, we define appropriate questions and give some answers 
that in most cases are far from the sharpness we achieved in many of the above 
mentioned theorems. Hence this chapter is more or less an impetus for further 
research. 
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1.3 On methods 


What can be said about methods? Essentially, the proofs of Schwarz-Pick type 
inequalities are based on relationships of certain hyperbolic characteristics of do- 
mains with the following results in geometric function theory: 


1. Littlewood’s ideas on subordinate functions developed by Rogosinski, Golu- 
zin, Clunie, Robertson, and Sheil-Small. 


2. Coefficient estimates using Lowner’s theory on parametric representation of 
univalent functions. Especially, Lowner’s theorem on inverse coefficients and 
de Branges’ proof of the Bieberbach conjecture. 


3. Explicit representation of convex hulls for several families of analytic func- 
tions by the Herglotz formula and its generalizations. 


Usually, coefficient estimates concern univalent or subordinate functions holo- 
morphic in the unit disk. We prove and use several new versions of the known 
theorems for subordinate or quasi-subordinate functions which are holomorphic in 
a neighbourhood of the origin. 

Also, to prove Schwarz-Pick type inequalities for higher derivatives one needs 
certain hyperbolic characteristics of plane domains. For instance, let Q,(z, w, Q, IT) 
be defined as the smallest possible value such that the inequality 

(n) 
FP@l < Onl 2 W,; Q, 1) 


nl 


R(w, ID) 
R(z,Q)” 


holds for all f € A(Q,IL), f(z) = w, and 
C,,(Q, TL) = sup{Qn(z, w, 2,0) | (z,w) € 2 x Th. 


The principle of the hyperbolic metric implies that Qi(z,w,0,II) = 1, and, in 
turn, that C)(Q,II) = 1 for any pair (0,11) equipped with the Poincaré metric. 
In the case n > 2 the quantity Q,, depends on the hyperbolic characteristics 


O* log R(z,Q) O* log R(w, II) 
Ozk Owk ; 


In particular, Qo(z, w, Q, IL) depends on z and w via the quantities p = |V R(z,Q)| 
and q = |V R(w, ID], only. Consequently, explicit estimates of punishing factors 
C,,(Q, TD) are closely connected with the behaviour of the above characteristics, 
and, roughly speaking, estimating of these quantities is related to certain coefficient 
problems of geometric function theory. Finally, we have to attract the reader’s 
attention to the following fact which deserves to be widely known: 


R*(z,Q) and R*(w, II) 1<k<n-1. 


The quantity reciprocal to the conformal or hyperbolic radius is exactly the density 
of the Poincaré metric. More precisely, the equation 


AQ (Zz) = 


ze, 
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defines the density of the hyperbolic metric in the domain Q with Gaussian curva- 
ture K = —4. 


1.4 Survey of the contents 


In this section, we would like to give a short survey of the contents of the present 
book. 


Chapters 2 and 3 have a preparatory character. There we will gather the 
materials from the work of many researchers in geometric function theory that 
we need for our results. Therefore we do not give all proofs in detail in these two 
chapters and we shortened and simplified old proofs. During these efforts we found 
“new looks through old holes” now and then. 

Chapter 2 is dedicated to the most famous coefficient theorems of the last 
century, namely the Bieberbach conjecture and the conjecture for the coefficients 
of functions with bounded boundary rotation. 

The third chapter discusses the second theme that is important for our 
generalizations of the Schwarz-Pick lemma; the Poincaré metric, its historical 
background, and well-known theorems concerning this metric in different circum- 
stances. Among them are the famous theorems of Landau, Teichmiiller, Beardon 
and Pommerenke. 


Most of the material presented in the following chapters has been developed 
by us in the last ten years, some of it has been published, other results appear in 
this book for the first time. 

Chapter 4 contains the most prominent members of the family of punishing 
factors, those for pairs of simply connected domains and those for pairs of convex 
domains. Moreover, these two are in some sense the most beautiful, namely 4”~! 
and 2"—!. We discuss the work of Ruscheweyh, Chua, and Yamashita on these 
questions. Further, we present the complete solution for the case n = 2 for any 
pair of domains. 

The fifth chapter is devoted to more special results. The most prominent 
of them may be the proof of a far reaching generalization of Chua’s conjecture. 
We add the determination of punishing factors for pairs of simply connected do- 
mains in the extended plane, and we prove sharp lower bounds in some general 
circumstances. 

Chapter 6 is concerned with some generalizations to multiply connected do- 
mains for arbitrary n > 2 and it has at some places a tentative character, since 
we are not sure that we have found the “best” way of generalization. 

In the last two chapters, we present some material in the neighbourhood of 
our results. This is meant as the basis for further research on the many questions 
that are natural to pose here. 


At this point, we want to thank the Deutsche Forschungsgemeinschaft for 
continued support of our research. Their many grants for F. G. Avkhadiev enabled 
us to do all the scientific work presented in this book. 


Chapter 2 


Basic coefficient inequalities 


There are many books that systematically present coefficient problems in geomet- 
ric function theory. We refer the reader to the excellent monographs by Goluzin 
[70], Goodman [73], Hayman [78], Pommerenke [128], and Duren [60]. In this 
chapter we only mention a few classical results on coefficients which are closely 
connected with the topic of this book. Also, we give several new facts with short 
proofs that have until now been presented only in original papers. 


2.1 Subordinate functions 


Let the functions 6 and W be meromorphic in the unit disc A. We will say that 
® is subordinate to UV and write ® < W or 


®(z) < V(z), 
whenever there exists a function w holomorphic in A with properties w(0) = 0, 


|w(z)| < 1, and such that 


Clearly, |w(z)| < |z| in A by the Schwarz lemma. 
In [106], Littlewood proved the following result. 


Theorem 2.1. Let ® and WV be holomorphic in the unit disc A, and let (0) = 
U(0) =0. If ®(z) = V(z) and p € (0,00), then for any r € (0,1), 


20 20 
i: |®(re%) |?dd < | \U(re’?)|P do. (2.1) 
0 0 


We reproduce a short proof of Theorem 2.1 for the case p € N, only. 
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Proof of Theorem 2.1 in the case p € IN. By Poisson’s formula, 


2 
was f we(oyre (S*=) a, C=re®, |zl)<r<l. 


For |w(z)| < |z| <r we can write 


1A spat ; 
meyP =weotayr < sf w@yre (#2) as, c= re 
0 ¢ — w(z) 
Integrating the latter inequality over the circle {z = pe’’| 0 < t < 27}, p € (0,7), 


using 
ae ¢ + (pe) _ C+w(0)\ _ 
im (Steen) A= Be (ZG) = 


one gets 


27 Qn 
/ |®(pe"’) |Pdt < | |U(re’”)\Pdd, O<p<r<l. 
0 0 


Letting p — r gives inequality (2.1) in the case p € IN. 


Remark 2.2. Clearly, a direct use of Theorem 2.1 with p = 2 and Parseval’s formula 
for the holomorphic functions 


O(z) = Se Anz” and V(z)= S- Biz”, |z| <1, 
n=0 n=0 
leads to the inequality 


do lAn? < >> |Bal?. 
n=0 n=0 


Using Theorem 2.1 with p = 2 in an original way, Rogosinski proved the 
following assertion on coefficients of these two functions. 


Theorem 2.3 (Rogosinski, [139]). Let ® and V be holomorphic in the unit disc A. 
If ®(z) ~ V(z), then for alln € NU {0}, 


So lAR? = SoBe. 
k=0 k=0 


Simple counterexamples show that the inequality |A,| < |B,| for n > 2 
does not hold, for instance, for the functions ®(z) = z” and W(z) = z. Also, the 
assertion of Theorem 2.3 with p ¥ 2, i.e., the inequality 


SIAR? < So Bel? 
k=0 k=0 
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is not true in general (see [139]). 
n [137], Robertson generalized Theorem 2.3 to the case when the functions 
® and W are holomorphic in the unit disc A and 


O(z) = o(z)¥(z)), lal <1, 


where |y(z)| < 1 for z € A and w is as above. In this case ® is said to be quasi- 
subordinate to the function W (see also [57] and [128}). 

Robertson’s theorem can be generalized to meromorphic functions or, more 
generally, to functions F' and G that are holomorphic only in a neighbourhood of 
the origin (see [19], [30] and [20]). 


Theorem 2.4 (see [20]). Let the functions F and G be holomorphic in a neighbour- 
hood of the origin, where they have expansions 


SS ag and G(z = Bas” 
n=0 


If there exist two functions py and w holomorphic in the unit disc A with |p(z)| <1 
and |w(z)| < |z| for z € A such that the identity 


F(z) = 9(2z)G(w(z)) (2.2) 
is satisfied in a neighbourhood of the origin, then for alln € NU {0} the following 


inequalities are valid: 
> |Ag|? < Ss? |Byl’. (2.3) 
k=0 k=0 


Proof. The proof differs from the classical one only in some details. 
We fix n € NU{0}. From (2.2) we conclude that, in a neighbourhood of the origin, 


> Az” — v(z 3 Byw(z = 0(z) $7 Byw(z)* — S$ Agz*. 
k=0 k=0 


k=n+1 k=n+1 


If we expand the difference on the left side of this equation in a Taylor series in a 
neighbourhood of the origin, we see that the coefficients of zk, 0<k<7n, in this 
series are zero. Therefore, we get, if we denote this function by H, an expansion 


in a neighbourhood of the origin. On the other hand, it is immediately clear that 
the difference on the right side is holomorphic in the whole unit disc. This implies 
that the identity 


Do Acs! + 3 CaS 2) > Baw(2)* 
k=0 


k=n+1 
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is valid for |z| < 1, too. 

Now, we observe that the Littlewood theorem is true for quasi-subordinate 
holomorphic functions, too. Consequently, we may proceed as in the classical proof 
of Theorem 2.3 to get 


n n oo n 
DUlAel? < DUAR? + D7 ICel? <del? 
k=0 k=0 k=n+1 k=0 


by use of Parseval’s formula in Theorem 2.1 with p = 2 for the quasi-subordinate 
holomorphic functions 


@(z) = So Anz* + s Cyz*, U(z) = So By ze zed. 
k=0 k=0 


k=n+1 


This completes the proof of Theorem 2.4. 


Following the idea of Goluzin (see [70] and compare also [57] and [137], 
Theorem 6.3) one may obtain a generalization of Theorem 2.4 as follows. Con- 
sider inequality (2.3) for n = 0,1,...,m, where m € NN. Let Ay > A1 > - +: 
Am > Am+1 = 0. We multiply the inequality (2.3) for n = 7 by Aj — Aj41 > O, 
j =0,1,...,m. Summing up the results over 7 one easily has 


So AAs? < So AsLBAI?. 
j=0 j=0 


Since m is arbitrary, this gives the following theorem, Goluzin’s version of the 
inequalities (2.3). 
Theorem 2.5. Let n € INU {0} and let F and G be as in Theorem 2.4. If 

Ao 2 A1 2 «--An 29, 


then the following inequality is valid: 
So NelARl? < So AnlBel?. (2.4) 
k=0 k=0 


The following assertion generalizes a known idea due to Clunie [57]. 


Corollary 2.6. Let n € INU {0} and let f and g be functions meromorphic in the 
unit disc A with expansions of the form 


f(iZ= iD Apz*-™ and g(z)= S- Bae 
k=0 k=0 


in a neighbourhood of the origin with some m € NN. If Xo = Ay => ..-An = O and 
|f(z)| < |g(z)| in A, then the inequality (2.4) is valid. 
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To obtain Corollary 2.6 it is sufficient to apply Theorem 2.5 to functions F 
and G defined by 


F(z) = 2" f(z), G(z) = 2 9(z), w(z) = 2, (2) = flz)/9(2)- 


2.2 Bieberbach’s conjecture by de Branges 


Consider the normal family S of all functions f that are holomorphic and univalent 
in A and have a Taylor expansion of the form 


f(z=2zt+ Sane jz| <1. 
n=2 


Before de Branges’ proof of the Bieberbach conjecture in [43] via the Milin 
conjecture, the following seven conjectures in their full generality were open prob- 
lems. 


1. Bieberbach Conjecture (1916). (([40]) For any f € S the inequality |a,| <n 
holds for all n > 2. The equality occurs if and only if f(z) is the Koebe 
function kg(z) = z(1+ dz)~?, |d| =1. 


2. Littlewood Conjecture (1925). ((106]) If f € S and f(z) Aw for anyz EA, 
then |ay| < 4|w|n holds for all n > 2. 


3. Robertson Conjecture (1936). ([136]) For any odd function h(z) = z+c¢322+ 
C522 +--+ in S, the inequality 


1+ |e3|? + +++ + |con-al? <n, 


is true for alln > 2. 


4. Rogosinski (Generalized Bieberbach) Conjecture (1943). ([139]) Let g(z) = 
bz +++ +by2z2" +--+ be a holomorphic function in A. If g(A) Cc f(A)and 
f € S, then the inequality |b,| <n holds for all n > 2. 


5. Asymptotic Bieberbach Conjecture (1955), connected with Hayman’s regu- 
larity theorem (sce [78]). If 


Ay, = max |ay|, 
fes 


then 


6. Milin Conjecture (1967). ([116]) For any f € S, let yn be defined by 


log f(z) = a ae 
n=1 


z 
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Then the inequality 


holds for alln > 1. 


7. Sheil-Small Conjecture (1973). ({152]) For any f € S and any polynomial 
P(z) =bo + biz +--+ +by,2” the convolution (= Hadamard product) defined 
by (P * f)(z) = ayz 4 agbo2z? +--+ +anbnz” satisfies the inequality 


mee) < GE 


for all n > 2. 


We refer the reader to the nice book [71] concerning details of the logical 
non-trivial relationship between these seven conjectures. In general, there are the 
following implications: 


Milin Conjecture = > Robertson Conjecture 
=> Sheil-Small Conjecture = > Rogosinski Conjecture 
=> __ Bieberbach Conjecture 
= > Asymptotic Bieberbach Conjecture = > Littlewood Conjecture. 


Thus, in [43] de Branges settled all these conjectures by proving the Milin 
conjecture although he considered only the implications 


Milin Conjecture = Robertson Conjecture = Bieberbach Conjecture. 


In connection with these seven conjectures, in the next section we shall exam- 
ine with proof two facts which deserve to be better known. The first one concerns a 
conjecture by Goodman (see [72] and [73]), which says that the Taylor coefficients 
of the function f,(z) = z+ 772.5 an(p)2", |z| <p, satisfy the sharp inequality 


lan(p)| < (1+ p? +--+ p?°"~?) /p", 


whenever the function f is meromorphic and univalent in A and f has a simple pole 
at a point pe” € A, 0 < p <1. Letting p — 1 this implies the inequality |a,,| <n 
conjectured by Bieberbach. In fact, the Bieberbach conjecture is equivalent to the 
Goodman conjecture (1956) by an elegant proof of Jenkins [86]. 

Secondly, we shall consider the Sheil-Small conjecture in its full generality 
(see [152]), which deals with functions subordinate to f € S. This little nuance be- 
comes important in applications to the Schwarz-Pick type inequalities. Moreover, 
this consideration will contain the whole path from the Robertson conjecture to 
the Rogosinski conjecture as a special case. 


For the convenience of the reader who is not familiar with these inequalities, 
we will explain without technical details the relationships between the different 
conjectures. The easiest step is the implication 


Robertson conjecture — > Bieberbach conjecture. 
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For f € S let h(z) = \/f(z?)/z. Then the odd function 
h(2) = zh(z) =2+ So emn 12" 
n=2 


belongs to the family S as well. If we take into account that h is an even function 
we see that s(z) = h(./z) is holomorphic in A and that f(z) = 2z(s(z))?. This 
identity implies that, for n > 2, 

n-1 


an = 5 C2k+1C2(n—k)-1 
k=0 


where c, = 1. 
According to the Cauchy inequality, this yields 


n-1 
|an| < > \con+1|?. 
k=0 


Hence, the above implication is obvious. In fact, in the present book, we will need 
a more general implication from the truth of the Robertson conjecture, namely, 
the theorem of Sheil-Small, see below. 

The implication 


Milin conjecture =— > Robertson conjecture 


follows from a theorem that is concerned with the exponentiation of holomorphic 
functions, the so-called Second Lebedev-Milin Inequality (see [99] and [116]). Let 


be holomorphic in a neighbourhood of the origin and 


ef(?) = s Buz. 


k=0 
Then for n > 2 the inequalities 
1 n-1 1 n-l ™m 
= 2c ia a 
Sin? son (25° (‘ioe -7)] 
k=0 m=1k=1 
are valid. 


If one applies this theorem to the function 
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one sees that to prove the Robertson conjecture it is sufficient to prove that for 
n € NN the inequalities 


FS Tee == naka 
> (sre? 7) =D (Am 7) kN 0 


k=1 


are valid. 
It has become customary to formulate this inequality in terms of the so-called 
logarithmic coefficients of f. Since 


log(f(z)/z) = 2log(s(z)) = S$) 272", 
k=1 
many people know this conjecture in the form 


S- (a2? = +) (n—k+1) <0. (2.5) 


k=1 
From this formulation de Branges found his way to prove the Milin conjecture (see 
[43], [64], and [71]). 

The first item in this proof is the Lowner theory assuring firstly that, in 
problems like the above, it is sufficient to consider univalent functions that map 
the unit disc onto the complex plane minus a slit. The second ingredient from 
Lowner’s theory is the fact that for any such function f there exists a chain of 
functions 


f(z,t)=e'z+ S- an(t)z”, 2€A,t € (0,00), 
n=2 


such that f(z,0) = f(z) and the Lowner differential equation 


O f(z, #) Pe sz K(t) 20 f(z,t) 
ot 1l—xK(t) Oz 


is satisfied, where |«(t)| = 1 and « continuous on [0, 00). 
Naturally, this differential equation results in differential equations for the 
logarithmic coefficients c,,(t) defined by 


on (£29) = Sete 


n=1 


with c,(0) = 27. The genial idea of de Branges was to look at (2.5) as an initial 
value problem. He constructed the so-called special function system of de Branges 
Tr a(t), \<k<n,n EN, t € [0,00), such that 7,,(0) =n —k+ 1 considering 


the functions . 


alt) = > (Alen? = Z) raat 


k=1 
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Using the Lowner differential equation he showed that for his system of functions 
the identity 


/ : oT k(t) 
On(t) = — D> [ber (t) + be(t) + 2| F 
k=1 
is valid, where 
k 
bo(t) = 0, be(t) = S° jej(t)a(t)?, KEN. 
j=l 


The ingredient of the theory of special functions in de Branges’ proof was the 
proof that Ty p(t) <0 and limpoo Tra (t) = 0. 

Hence, limpsoo Yn(t) = 0 and y(t) > 0. This in turn implies y,(0) < 0 
which is equivalent to (2.5). 


2.3. Theorems of Jenkins and Sheil-Small 
Let p =€ (0,1]. We need the expansion 


Kp(z) = =zt+ y en(p)z",  |z| <p. (2.6) 
(1 — pz) (1 = 2) y 


It is known that (see [86]) 


en(p) = = ae (2.7) 


In 1962, when the proof of the Bieberbach conjecture was a far-off dream, 
Jenkins proved the following theorem. 


Theorem 2.7 (Jenkins [86]). Let f, be a function meromorphic and univalent in 
the unit disc A with a simple pole at the point pe”, t € R, and0 < p <1, and let 
fp have the expansion 


fo(z) = 2+ > an(p)z” (2.8) 


in a neighbourhood of the origin. If the Bieberbach conjecture is true for all coef- 
ficients of schlicht functions, then |an(p)| < Cn(p) for any n > 2. Equality occurs 
for the function e” kpy(e~"*z). 


Proof. Without loss of generality we suppose that t = 0. Let A(p) be the domain 
obtained from the unit disc by deleting the segment [p, 1]. Consider the class S(p) 
of all functions holomorphic and univalent in A(p) with expansion of the form 
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(2.8) in a neighbourhood of the origin. It is obvious that S(1) = S. To find a 
conformal map of A(p) onto A we proceed as follows. It is clear that the function 


(1 +p)? 
Ap 


Kp(z) = 


Kp(Z) 


maps A(p) conformally onto C \ (—oo, —1/4]. Now, we use the inverse K_, of the 
Koebe function k_1(z) = z/(1 — z)? to map this domain onto A. Therefore, the 
function y = K_ 1 © Kp has the desired property. If we consider the expansion 


(ep) ay ss 
y(z) = i z+ doe? ; 


it is important to recognize that c, > O for all n. To see this, we compute y 
explicitly by the above procedure to get 


2p(1—z/p)(1—zp) — 2p(1 + 2z)(1— z/p)'/?2(1 — zp)}/? 
(1+ p)?z (LAr pe2 , 


It is clear that c,,n > 2, is the sum of two consecutive coefficients of the function 
(1 — z/p)'/?(1 — zp)'/? multiplied by the factor —2p/(1+ p)?. The fact that these 
coefficients themselves are negative for p € (0,1) is easily seen using the generalized 
binomial expansion and the Cauchy product for the product (1—z/p)!/?(1—zp)1/?. 

The inverse to the function y is frequently used in extremal problems for 
bounded functions holomorphic and univalent in the unit disc (see for instance 
[133]). 

Clearly, any function f, € S(p) admits a representation of the form 


fol2) = Ps F(z), 2 € AQ), 


where 


is a function in S. The function f,(z) = 4p(1 + p)~?f(y(z)) has the expansion of 
the form (2.8) with 


n 


an(p) = Aa(n) + D5 Ag(n)a;, 
j=2 
where A;(n) are polynomials in c, = yl (0)/m! ,m = 2,...,n, with non-negative 
coefficients, and thus they are themselves non-negative. In particular, if a; = j, 
ie. if f(z) = K1(z), then a,(p) = cn(p). 
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The validity of the Bieberbach conjecture implies that 


n 


|an(p)| < Ar(m) + bS Aj(n)|a;| 
< Ai(n) + IAs (n) = en(p) 


This completes the proof of Theorem 2.7. 


Remark 2.8. As is shown in [18], the domain of variablity of coefficients a,,(p) is 
only a proper subset of the set {w | |w| < cn(p)}, if the pole at p lies near to the 
origin. 

The formulation of the Sheil-Small result in its full generality that we have in 


mind and which can be found, at least implicitly, in [152] and [71] is the following. 


Theorem 2.9 (Sheil-Small [152] (1973)). Let g be subordinated to a function f € S 
and P a polynomial of degree less than or equal to n. If the Robertson conjecture 
is true, then 
es (Px g)(z)| <n ne |P(z) =:n M(P). (2.9) 
z\|<1 z\|=1 
First we consider the following lemma. 


Lemma 2.10 (Sheil-Small [152]). Let 
U(z) = ye ue" and V(z) = ye 
k=0 k=0 


be holomorphic in A and w;: A > A,i = 1,2,3, be holomorphic in A. If P is a 
polynomial of degree less than or equal to n and 


h(z) = zwi(z)U(zwe(z))V(zws(z)), ze A, 


then we have 


n-1 1/2 n-1 1/2 
|(P * h)(re®)| < rmax |P(z)| (= la) ( maf) (2.10) 


k=0 k=0 
for r € (0,1), 0 € [0,27]. 
Proof. Let the abbreviations be as above. We use the representations 
7 1 orn 


(P*h)(re”) = be P(e -9))h(rett)) do. 
0 


18 Chapter 2. Basic coefficient inequalities 


and , 
(P *h)(z) = P(z) * (-m >> up(zwe(z))* yr se UR (2w3(z n*) P 
k=0 


From this, we obtain 


|(P * h)(re"*)| 
1 Qn n-1 
< rM(P)5- f |wi(re’? H/o ml (re’?wo(re'?))* S¢ un(re’?ws(re'?))* dy 
m Jo k=0 
1 In |n-1 : . 2 Lie 
< rM(P) | — S © un(re'?wa(re'”))* dip 
Qn 0 k=0 
1 Qn |n-1 2 Me 
— up (re? wo(re wae dy 
QT 0 » 


Now, the rest of the proof is an immediate consequence of Littlewood’s Theorem 
2.1 and Rogosinski’s Theorem 2.3. 


Proof of Theorem 2.9 of Sheil-Small. We take g < f € S, g(z) = f(zw(z)), and s 
as above. Then we may write 


g(z) = 2w(z)s(zw(z))?. 


Taking w; = w, i = 1,2,3, U = V = s in Lemma 2.10 and using the maximum 
principle we see that the Robertson conjecture is the decisive step needed in the 
proof of Theorem 2.9. 


Remark 2.11. It is evident that the Rogosinski conjecture follows from the Sheil- 
Small inequality (2.9) for P(z) = 2” and that the Bieberbach conjecture is the 
case w = 1 of the Rogosinski conjecture. 

Remark 2.12. The requirement of Lemma 2.10 about the functions U and V can 
be considerably relaxed. Namely, it is sufficient to suppose that the functions U 
and V are holomorphic in a neighbourhood of the origin, only. For such a case the 
proof is the same except the final step: Instead of Rogosinski’s Theorem 2.3 we 
can apply Theorem 2.4. 


2.4 Inverse coefficients 


Let A be the unit disc {z| |z| < 1} in the complex plane C and let S be the usual 
class of functions holomorphic and univalent in A with expansion about the origin, 


Co 
zj=2t y Anz” 
n=2 
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We will frequently use the following classical theorem. 


Theorem 2.13 (K. Léwner [110]). [f F is the inverse of a function in S and has 


the expansion 
co 
w)=wt s Ay,w" 
n=2 


in a neighbourhood of the origin, then 


(2n)! 1 2n 
An| < —— = - 2.11 
| lS Fim +1) n\ n-1 (2.11) 
with equality only for the inverses of the Koebe functions 
z 
k; = ——_,,, |d|=1. 2.12 
(= ayy Ma (2.12) 


By mathematical induction and the Stirling formula one easily gets that 


+( 2n le 4” (2n—1)!! 4” 


_ < 
n\ n-1 nt+1 (2n)!! ~ (n+ 1)3/2 
and that 
= 1 : 
n+1 (2n)!! (n+ 13/7 (J. + 0 /n)) as MN — Co 


Here, for n € IN we use the abbreviations 


(2n — 1)! 
2"-1((n — 1)!) 


(2n)! 
(2n —1)!! 


(2n — 1)! = and (2n)!! = 


The classical proof of this L6wner theorem can be found in [78], [70], [128] 
and [147]. Here we present two generalizations. Each of them implies the theorem. 
Let Ky, be the inverse of the Koebe function k;. We have 


wat) ee 


and 


S(w, K1) := (KUIELY — 5 Ki /K)? ck (n+1)w 


and 


log Ky (w = Sob w” 
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where 
1 2n = 4” (1 (2n— 1)! An 
bn = — g2n-ly deers 2.13 
n (( n ) 7 ) n & (2n)!! ~ n 3) 
Moreover, one easily gets 
4n- 1/2 
by = (1+0(1/Vn)) asn— ov. 


Since the method to find the expression (2.13) is behind many of the coefficient 
results of this book, we will give a short proof for (2.13). We use the Cauchy 
integral formula in the following way. Let 


Ki) <= 
— = n+ 1)bpsiw”, 
Ki (w) 2 ) +1 
then 
1 Ki'(w) 1 
Db4 SS 1 
(n+1)bn41 Omi Ieon,) Ki(w) wt ul 
1 eee ki (2) 1 Reta, ah 
— = eel dz — 7 7 n+l dz 
2nt Jon, Ky (Ri(z)) bE (z) 2ni Jon, ky (z) PT (2) 


I 


) 
1 (4 —2z)(1+ z)?"*1 
Jon, ae 


where r € (0,1). Hence, we have to find the nth Taylor coefficient of 


(4— az)(1 + 2)" > 2h = (142)? (14290: a 


k=0 k=1 


We get from this 


n-1 
(n+ 1b =4 (PPE) 42 ary 
k=0 
ae 2n+1 ) . a 
This implies 


w= ( 55) 2) 2) 
n n—1 n n 


Consider the following expansions for F’, the inverse of a function in S, 


S(w, F) := (F"/F')' - 5(F"/F')? = 5 Gye" 
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and 


log F’(w -> Byw”. 


Theorem 2.14 (Klouth and Wirths [91]). If F' is the inverse of a function in S, 
then |Bn| < bp for alln > 1 and |C,| < 4°6(n +1) for all n > 0. Equality for 
n > 2 occurs only for the functions Ka(w) = kz'(z), |d| =1. 


Since b, are positive and each A, is a polynomial with positive coefficients 
in the B,,, Theorem 2.14 implies Theorem 2.13. 


Proof. The proof follows the same line as the classical proof of the Theorem 2.13. 
We only give here the crucial steps. A function f in S can be embedded into a 
subordination chain (for details see [128]). It results that the inverse function F’ 
has a representation 


F(w) = lim ®(e‘w,t), 0®(w,t)/dt = w(O®(w, t)/Ow)p(w, t) 


t— co 


where ®(w,0) = 0, Rep(w,t) > 0 and 


p(w, t) =1+ S— pn(t)w 


for w € A and t > 0. Using these and setting 


L(w,t) := log il = 5° Bn(t)w 


Cn(t) = f e209 |S 5C5(r)pn-s(a)2n— 5-42) + SMa) ) ar 


These formulas show that Re B,,(t), respectively Re C,,(t), is maximal for a fixed t 
if and only if we choose B,,(t), 7 = 1,...,2—1, respectively C,,(t), 7 =0,...,n—1, 
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for 7 € [0,¢] real and maximal and p;(r) = 2 in [0,¢] for any index j involved in 
the formulas in question. 
Since 
B, = jim. eB) Cn = Jim eto LG): 


we get that the maximum of Re B,, respectively Re Cy, is attained if and only if 
p(w,t) = (1+ w)/(1 — w). Clearly, the assertion of the theorem for n > 1 follows 
from the known fact that the problems of finding the maximum of the real part and 
the maximum of the modulus for the given coefficient are equivalent. To complete 
the proof we remark that the desired inequality for Co = —6(a3 — a3) is given by 
the classical inequality |a3 — a3| < 1. 


For a fixed p € (0,1), let S,, denote the class of all meromorphic univalent 
functions f, in the unit disc A with the normalization f,(0) = (0) — 1=0 and 
fp(p) = oo. If F, is the inverse of a function in S,, then it admits an expansion of 
the form 


F,(w) =wt S- Ay (p)w” 


in a neighbourhood of the origin. In S, the function 


(1 — pz) a- :) 


plays the role of the Koebe function in S. Near w = 0 the function Kp(w) = ky '(w) 
has the expansion (see, for instance, [33]) 


Kp(z) = 


K,(w) =w+ ye An(p, Kp) w” 
n=2 


aio SEG) Cas orn 


j=0 
Theorem 2.15 (Baernstein and Schober [33])). The coefficients of the function F, 
satisfy the sharp inequalities 


with 


|An(p)| < An(p, Kp). 
Equality for a single coefficient holds only if Fp = Kp. 
Clearly, for p = 1 Theorem 2.15 gives the Lowner theorem. 


The proof of Theorem 2.15 (see [33]) is based on the following integral in- 
equality of Baernstein [32]: for any f, € Sp, 


1 20 0 1 20 vs 
ye U a : ee a a 
sz ff Molreeda <5 fo Ip(re™) 1948, 


whenever0O<r<land-w<a<o. 
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2.5 Domains with bounded boundary rotation 


Plane domains with bounded boundary rotation were first studied by Paatero 
({122], see also [10]). In Radon’s paper [134] one can find general properties and 
applications of domains whose boundaries are rectifiable curves with bounded 
rotation. 

In the following we need the usual abbreviation: If the functions f and g are 
analytic in a neighbourhood of the origin, then 


f(z) = So anz® « g(z) = dex 
k=0 k=0 


if and only if for all k € NU {0} the inequalities 
lax] < [be 


are valid. 
In [100], Lehto considered the family V, of functions f € S such that the 
boundary rotation of f(A) is at most ka > 27. It is well known that the function 


k/2 
1 
( + =) ; 
1-—z 
belongs to Vz. 


For any f € V;, with expansion f(z) = z+ >>>°..anz”, it is proved that the 
inequality 


1 
k 


fx(2) = 


=z+ s An(k)z” 
n=2 


|an| < An(k) 


is valid for all n > 2 (see [45], [2] and [44] and [146] ). 
The crucial facts are gathered in the following two theorems. 


Theorem 2.16 ([45]). Let y be a function holomorphic in A. If a> 1 and 


l+cz 
1l-z 


y(z) < 


for some constant c € A, then there exists a probability measure ps: [0,27] — R 
such that : itis 
™f1+ce%z 
p(z)* =| (5) du(t), z2EA. 
0 


Theorem 2.17. For anyc€ A anda>1 


l+cz ce 1l+2\* 
1l-z 1l-z ; 


Consequently, if a > 1 and 
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for some constant c € A, then 


(2)? < (7). 


1l-2z 


Short proofs of these facts are found in [44] and [146]. The original proofs 
are given in [45] and [2]. In fact, it was shown in [45], that Theorem 2.17 implies 
the coefficient estimate for the larger class of close-to-convex functions of order 
k,/2 —1 > 0 introduced by Ch. Pommerenke [127]. 

Using Theorem 2.17 and the cited proofs in [44] and [146] we get 


Theorem 2.18 ([17]). [fc ¢ A\ {-1} anda >1, then 


1 1+ez\* i\z 1 1+2z\* 1 
c+1 1l-z 2 = 2 
Proof. For c € A \ {-1} let T.(z) = (1+ cz)/(1 — z). Since T,(A) is a halfplane 


whose boundary cuts the real axis in a point of the interval [0,1) and 1 € T,(A), 
there exists, for any c€ A \ {—1} anda >1, ac € A such that 


14+ cz 
Taz 


According to Theorem 2.17 this implies 
gi(z)* < Ti(z)". 


Using this and the nonnegativity of the Taylor coefficients of the functions T;(z)* 
and 1/(1 — z?) we get 


Lege ta (ee Ny 0 eG 
— eA . 
l-z (1 — z)? ms 1— 2? l1-z/ 1-2? 


By integration we obtain the assertion of Theorem 2.18. 


Now, we prove a subordination theorem which we need for the applications. 
We are concerned with the class of angular domains II, = aH, + b (a 4 0) with 
opening angle az, 1 < a < 2, which means that there exists a linear transformation 
T(z) =az +b such that TI, = T(H.), where 


ant 
Ay = {z| jargz| < ath. 
2 
Clearly, the assertion of the following theorem is a generalization of the 
Carathéodory inequality for Taylor coefficients of holomorphic functions with pos- 
itive real part (see [51], [52], compare also [42], p. 365). 
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Theorem 2.19 ({17]). For any angular domain Ilq,1 <a < 2, and any function g 
holomorphic in A with g(A) C Ta, the assertion 


(a6) — 9(0))An, (90) < = ((F28) -1), cea, 


is valid. 


Proof. Let 
Go(¢) = (®n,,9(0)(¢) — 9(0)) An (9(0)), CEA. 


The function G, belongs to the class S and maps A univalently onto an angular 
domain II,. This yields the existence of a complex number c € A\ {—1} such that 


Ga(6) = an (AS) 1), CEA. 


Therefore, it follows from our earlier assumption that 


(9(¢) — 9(0)) Am, (9(0)) < GalS), CEA, 


and in turn that 


#6) = (1+ (c+ Na(g(6) - 9()an, (o(0)* «52S, Cea, 
According to Theorem 2.16 this implies that 
1 an 1+ce%¢\* 
(9(¢) — 9(0))An, (9(0) = aaah (3 a i) du(t), CEA. 


This together with Theorem 2.18 yields the result of Theorem 2.19. 
Theorem 2.20 ([17]). For 1 <a < 2 let 


he(z) <= o (1- (=) ). zed. 


Let further h € S and h(A) be an angular domain I4. We denote by h~! the 
function inverse to h and by h;' the function inverse to ho. If we let h~'(w) and 
h,(w) represent the Taylor expansions of h~' and hz! in a neighbourhood of the 
origin, then 


h-*(w) & hg*(w). 


Proof. Since there exists a complex number c € A \ {—1} such that any function 
h of the above type may be written in the form 


Ma) erie (1 (=4)). oa 
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we get by a straightforward computation that 


hw) = 1—(1—(c+l)aw)= 
1+c(1—(e+l)aw)a 


Now, we use the expansion 


(1—(e+ l)aw)* = $“(-a)* ( 


0 


ae |e 


) (c+ 1)¥w* 


and the fact that, fork >1anda>1, 


Hence, 
h*(w) = Dy (a)(e+ pert | ‘ = SD Dy(a)(c+ pete | 
k=1 ne 
< {3 Dot'a't ( = 5 Delotta 24a) 
at k=1 


This completes the proof of Theorem 2.20. 


Chapter 3 


The Poincaré metric 


For more than two thousand years, mathematicians and other people believed in 
the “truth” of the Euclidean parallel axiom, before Lobachevsky and Bolyai about 
1825-1830 found that it is possible to get a new geometry by substituting this 
axiom with the following. 


Through a point in the plane not lying on the given straight line one can draw 
more than one straight line not intersecting the given line. 


At the beginning, the existence of such a geometry was not accepted by math- 
ematicians, except for C. F. Gauss. In 1868 Beltrami interpreted the Lobachevsky 
(or hyperbolic) geometry as the natural geometry on a surface of constant negative 
curvature and thus proved that there exists a model for such a geometry. During 
this work, he was able to use the theorems of Gauss (1827) and Milding (1840) on 
surface geometry. Some years later, in 1871, Klein made this geometry “visible” 
to geometers by an interpretation in projective geometry. In accordance with his 
model, Klein introduced the term “hyperbolic geometry”. 

In 1882 Poincaré discovered the following interpretation: the unit disc A 
equipped with the conformally invariant metric 


can be regarded as the hyperbolic plane. 


3.1 Background 


Since any conformal automorphism of the unit disc A has the form 


g2T Cee? acA, aeR, 
a 
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by straightforward computations one gets that the Poincaré metric is conformally 
invariant in A, that is 


ldz|_ | 
T- PP 1-KP ve 
for allz=T(¢) in A. 
The hyperbolic distance between two points z1, z2 € A is defined by 
Da(z1, 22) = int [ Aa(z) |dz|, (3.2) 
r 


where the infimum is taken over all piecewise smooth curves [ Cc A joining z 
with z 2. The geodesics (or paths of shortest distance) consist of the images of 
diameters of A under conformal automorphisms T. These are the diameters of A 
and the circular arcs in A orthogonal to its boundary OA. If these arcs are called 
“straightlines”, one has a model of the hyperbolic plane. 

Using the “straightlines” , one can find that the hyperbolic distance for z1, z2 € 
A is given in the form 


1+p 


1-p’ 


21 — 22 


1 
Da(z1, 22) = 5 log where p= : (3.3) 


1— Zz 


An alternative interpretation of the hyperbolic geometry is given by the half plane 
model of Poincaré. In the half plane H; = {z € C| Rez > 0} the element of 
hyperbolic arc length is 


d 
Aa, (2) |dz| = _ z=at+iye Ay. 


In this case geodesics are horizontal lines and circles orthogonal to the imaginary 
axis. Using the conformal map ¢ = (1 — z)/(1+ z) of the unit disc onto the half 
plane, it is easily seen that these two models are equivalent. The equivalence is 
given by the simple equation 


_1l-z 
~ gates 


Aw, (G)ld6] = Aal(z)ldz|, 6 


Now, let © denote a domain in C with three or more boundary points in 
C. According to the Riemann mapping theorem, if 2 is simply connected and 
zo € Y \ {oo} is fixed, then there exists a unique conformal map fo of A onto 2 
such that 
fo(0) = 2 and fg(0) > 0. 


This quantity (0) is called the conformal radius of Q at the point zo and will be 
denoted in the following by R(zo, 2). If D is as above but not simply connected, the 
generalization of Riemann’s mapping theorem due to Poincaré (see, for instance, 
[3] and [70], p. 255) asserts that there exists a unique universal covering map fo of 
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A onto 2 which has the same normalization as the above conformal map. In this 
case the quantity (0) is called the hyperbolic radius (see, for instance, [34]). 
The Poincaré (or hyperbolic) metric in 2 is defined by the equation 


z= fo(¢) € 2. (3.4) 


Concerning the universal covering map fo for a multiply connected domain, we 
have to mention that fp is a holomorphic or meromorphic function, while its 
inverse fy ‘(z) is multivalued. But it is well known that any conformal or universal 
covering map f of A onto (1 is given by 


¢-a 
1—a¢ 


f(0) = fT) =o (EZ), aed, ae. 

This together with (3.1) imply that the density Ag(z) is well-defined by equation 

(3.4), ie., it depends neither on the choice of the mapping function nor on the 

choice of the branch of f~'. Further, the metric Ag(z)|dz| is conformally invariant. 
From the above definitions it follows that 


1 
Ae (z) 


R(z,Q) = = |F'(OIG — |¢?), (3.5) 


where f is a conformal or universal covering map of A onto 0 and z = f(¢),¢ € A, 
zeE. 
Taking partial derivatives of R by using (3.5) and the Wirtinger calculus 


, OR(z,Q) — AR(z,Q) ORD) 
Oz a Ox Oy 


»,2=atiy ed, 


; OR(z,Q) — OR(z,Q) 
Oz ———«CK 


leads to the formulas 


_ ORE,Q) 
rt Oy 


= VR(z,Q), z=at+iyeQ, 


AR(2,9) _ |FOL (1-2 PO = 
Bz - Fe ( 2 Feo ee 
and ‘ 
nam PRO lomo, 


Hence, the conformal (or hyperbolic) radius R = R(z,Q) satisfies Liouville’s equa- 
tion 
RAR =|VR/? —4, (3.7) 


where R = R(z,2), AR denotes the Laplacian of R and VR its gradient. 
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The most known forms of the equation (3.7) are the following nonlinear 
elliptic equation 
Au = —4e7*" 


>) 


where u = u(x,y) := —log Ag(z) = log R(z,Q) for z = « + iy € Q, and an 
equivalent formula 
K =e" Au=-—4 


that defines the Gaussian curvature of the metric. Thus, the Liouville equation 
for R is equivalent to the fact that the hyperbolic metric defined as above has the 
Gaussian curvature Ik = —4 (see, for instance, [3], [34] and [70]). 


Remark 3.1. Clearly, to deal with the hyperbolic metric with Gaussian curvature 
K = —1, one has to choose the density of the metric as 2AQ(z), where Ag(z) is 
defined as above. 


3.2 The Schwarz-Pick inequality 


We begin by the classic Schwarz lemma. 
Theorem 3.2 (Schwarz’s lemma). Let f be holomorphic in the unit disc A. If 
f(0) =0 and |f(z)| ts bounded by 1 in A, then 
ffl siz, 2€A, (3.8) 
and 
[f'(0)| <1 (3.9) 


with equality in (3.8) for some z #0 or in (3.9) occurring if and only if f(z) = cz 
for some unimodular complex constant c. 


As is indicated in [3], p. 21, the Schwarz lemma and its classic proof are 
due to Carathéodory [53]; Schwarz proved it only for univalent mappings [149]. In 
[124], [125] Pick realized the invariant character of Schwarz’s lemma. 


Theorem 3.3 (Pick [125], see also Lindel6f [105]). A holomorphic mapping f of the 
unit disc A into itself satisfies the inequalities 


f(a) — f(z) Z — 22 
1 — f(z) f(z) s 1-7 20|’ a1, 22 € A, (3.10) 
and 
F'(2)| i san bse 


1- [fe = Tee” 


Nontrivial equality holds if and only if f is a conformal automorphism of A, i.e., 
f(z) = e*(z—a)/—@z), ac A, a€eR. 
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It is evident that inequalities (3.10) and (3.11) correspond to Schwarz’s in- 
equalities (3.8) and (3.9), respectively. Geometrically, inequality (3.10) means that 
any holomorphic mapping f of the unit disc A into itself decreases the hyperbolic 
distance between two points. Also, (3.11) implies that f decreases the hyperbolic 
lengths of an arc and the hyperbolic area of a set. 

The following assertion is called the hyperbolic metric principle (see, for 
instance, [70] and [120]). 


Theorem 3.4. Let Q and II be domains in the extended complex plane such that 
each of them has at least three boundary points. If f € A(Q,II), then 


(i) L(f(y)) < LY) for any rectifiable curve y C Q and its image f(y) C IL with 
length L(y) and L(f(7y)) in the hyperbolic metric of Q and II, respectively; 
equality holds if and only if f(z) = fo(f;'(z)), where fy and fz are conformal 
(universal covering) maps of the unit disc onto QD and II, respectively. 


(ii) the differential length elements at z € Q and at its image w = f(z) € II 
satisfy the inequality 
An(w)|dw| < Aa (z)\dz| (3.12) 
with the same condition for equality. 


We shall call the Schwarz-Pick inequality the equation (3.12) written in the 


form me 
Zz 
Oss at (3.13) 
An(f(2)) 
The Schwarz-Pick inequality applied to the function f € A(Q’,) defined by 
¢= f(z) =2, z € 0’, immediately gives the following comparison of densities. 
Theorem 3.5. If Q’ CQ, then Ag (z) > Ae (z) for any point z € 0’. 


Explicit formulas for the Poincaré density are known for several domains. We 
shall present three of them. They will be useful in applications of the comparison 
theorem 3.5. 


1. For angular domains Hy, = {z € C \ {0} | largz| < SF}, a € (0,2], one 
easily gets 


0 ; 
1/An, (2) = R(z,Ha) = 2arcos—, z=re® € Hy, 
a 


and 4 
1/AH,(z) = R(z, Ho) = = cos ae z=a+iy, |y|<1 
for the strip Hp = {z € C| |Imz| < 1}. 


2. For the punctured unit disc A’ = {z € C| 0 < |z| < 1}, 


1 
1/Aa’(z) => R(z, A’) => 2|z| log Tz)’ ZE A’. 
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3. It is a much harder problem to find an explicit formula for the density of the 
domain € \ {0,1} = C\ {0, 1,00}. The following formula is due to Agard [1]: 


1 = Hea ff dudv ecg tia 
e\ {0,1} (2) 7 ¢ |w||w — A]}w — 2)’ 


The classical representation formula for A¢\ 40,1; is given by 


7 1 _ |g (2)| 
Ao\ {0,1} (2) = 2|\’(r)|Imr — 2Img(z)’ 


where A(r) is the elliptic modular function, g is its inverse, 7 € A := 
{7 |Imz > 0} and z € C\ {0,1}. The modular function A: A — C \ {0,1} 
is a universal covering map which maps the triangle {r € A|0 < Rer < 
1, |r —1/2| > 1/2} onto A in such a way that (0) = 1, A(1) = ~, A(co) = 0, 


and 
[oe) 


1 + ge ; TIT 
eo) = 160] (7am :) » Ge (3.14) 
(see, for instance, [107]). 


The Liouville equation for the hyperbolic density A@\ 40,1} (z) and for- 
mula (3.14) are used in a proof of some monotonicity properties of the metric. 


Theorem 3.6 (see A. Bermant [39], J. A. Hempel [80] and compare also A. Yu. 
Solynin and M. Vuorinen [154] for further results). Let z = x + iy = re’®. The 
Poincaré density Ac, 40,1; (2) has the following properties: 


OXe (2) 
y \{0,1} 4 


Dy <0, y#0, (3.15) 
Or 
greene) <0, 0<|6| <7, (3.16) 
Are\ {0,13 (2) Ae\ {0,1} (2) 
( ar + : logr <0, rAl. (3.17) 


There are many generalizations and applications of the classical Theorems 
3.2 and 3.3. Especially, there are close relations between Theorems 3.2 and 3.3 in 
the theory of unimodular bounded holomorphic functions due to Carathéodory, 
Denjoy, Julia and Wolff. We cite the following statements, which sometimes are 
quoted as the Grand Iteration Theorem (see [150], p. 78 and compare also [131], 
p. 82, and [55]). 


Theorem 3.7. Let y be a holomorphic self-map of A that is not a conformal auto- 
morphism of A with a fixed point in A. Then there is a unique point w € A such 
that the iterates 

p"(z) = (po---og)(z) 


converge to w as n— co uniformly on any compact subset of A and 


3.3. Estimates using the Euclidean distance 33 


(C1) ifw eA, then ~ has no fixed point in A \ {w}, and 
gw) =4,0<|¢'(w)| <1, 
(C2) ifw € OA (Denjoy-Wolff point of y), then p has no fixed point in A and ~ 
and y' have angular limits at w such that 


p(w) =w,0< yw) <1, 


=i 
y’(w) = sup {Re2t2l {Re ates 
zEA WZ WwW — y(z) 
For further deep results on the boundary behavior of bounded holomorphic 
functions we refer the reader to the books by L. V. Ahlfors [3], by J. B. Garnett 


[66] and by Ch. Pommerenke [131] (see also R. B. Burckel [48] and G. M. Goluzin 
[70] for other developments and applications of Theorems 3.2 and 3.3.) 


where 


3.3 Estimates using the Euclidean distance 
Choosing 1’ as the disc with center z and radius 6(z) = dist(z,0Q) in Theorem 
3.5, one gets 


Theorem 3.8. If 5(z) denotes the distance from z € Q to the boundary OQ of Q, 
then Ag(z) < 1/6(z) for any z EQ. 


The next assertion is known as the Koebe 1/4-theorem (for a proof see [60], 
[70], [78] or [128]). 


Theorem 3.9. [f Q is a simply connected domain in C, then 6(z) Aa(z) > + for 
any z EQ. 


We will need Landau’s theorem on holomorphic functions that omit two fixed 
values. More precisely, the Landau theorem concerns functions 


f2) = rane” 
n=0 


holomorphic in the unit disc A and omitting the values 0 and 1 in A. By our 
notation, 


f € A(A, C \ {0, 1}). 


In the sequel, the known constant 


1 . ; T(1/4)4 
=i (1+i)= = 4.3768796... 
2r¢e\ 0,1} (—1) ( ) An? 


is used. J. A. Hempel and J. A. Jenkins established an explicit sharp bound in the 
Landau theorem. 
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Theorem 3.10 (Landau; see J. A. Hempel [80] and J. A. Jenkins [87] for proofs). 
If the function f is holomorphic and omits 0 and 1 in A, then 


T(1/4)4 
Js] $ 2ao] {fog aol) + CLI (3.18) 


Equality holds only for the universal covering map f : A > C\{0,1} with ag = -1. 


Proof by J. A. Hempel [80]. By the hyperbolic metric principle we have the sharp 
inequality 
lar] = | f'(0)| < 2/p(ao), pz) = 2Ae\ {0,1} (2). 


Thus, Theorem 3.10 states that 


1 
Ae\ {0,1} (2) 


2 1 
= ie) < 2Iz| {los \z|| + ay} : (3.19) 


According to formula (3.15) of Theorem 3.6, to prove inequality (3.19) it is suffi- 
cient to consider real values of z = x + iy = re’® lying in the interval (—oo, 0). Let 
us introduce the real function 


w(c) :=ule?t") +0, o:=logr, u:= logp. 
Equation (3.19) is equivalent to 
eM) < Jol +e VO, (3.20) 


From (3.17) of Theorem 3.6 it follows that ow’(c) < 0 for o 4 0. Again from 
(3.16) of Theorem 3.6 we deduce that 0?u/06? > 0 for 6 = 7. This together with 
Liouville’s equation 
Pu a Pu — e2(o+u) 
Oo? 00? 
give 
O?u/d0? < eet) g= 7, 


which is equivalent to the inequality 


w" < ez’. 

Integrating this inequality in (—oo, 0] and [0,00) using the local behavior w’ — 0 

and e?” = r?p?(z) = 0 as o — 00 (see [80] for details), we have (3.20). 
This completes the proof of Theorem 3.10. 


Remark 3.11. Since the function 


1 f(z) =1-ap—ayz- So a2” 
n=2 
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also omits 0 and 1, we can take 1 — ao in (3.18) instead of ap. Consequently, 
Theorem 3.10 implies 


a|< min 2 lo ae ae 
jal < __anin al {iow Il 


rays) \ 


We shall consider an important application of Landau’s theorem in the theory 
of uniformly perfect sets. 
Let 2 Cc C be an open set with more than one boundary point in C. The 
annulus 
An(r,s;a) ={z | r<|z-al<s}cQ 


with center a is said to separate the compact set 
E=\0 


in the Riemann sphere, whenever both components of C \ An(r,s;a) have non- 
empty intersections with E. Since in the next section we are concerned with con- 
formal images of such annuli, called conformal annuli, we will characterise annuli 
of the above form as genuine annuli. 

Following Ch. Pommerenke (see [129] and also [36], [37], [55], [65], [130]), we 
define the maximum modulus Mo(Q) as the supremum of the moduli of all annuli 
An Cc 9 such that An separates F and the center a of An belongs to 0Q. As usual 
the modulus of an annulus An is defined by 


We take Mo(Q) = 0, if Q contains no genuine annulus centered at a boundary 
point and separating FE. 


Theorem 3.12 (Beardon and Pommerenke, compare [37] and [129]). Let Q c C 
be an open set with more than one boundary point in C. If XQ(z) is the density of 
the Poincaré metric defined in each component of Q with curvature K = —4 and 
Mo(Q) is finite, then for any z €Q, 


Dalz) ee Se MOE ee, (3.21) 


Proof. Consider the function 


Bolz) = min { 


log =| | |z — al = dist(z,0Q),a € AQ, be anh. 
—a 


We fix z in 9 and choose points a and 6 in 0O such that 


|z — al = dist(z,0Q), Ba(z) = flog al 
—a 


36 Chapter 3. The Poincaré metric 


Applying the comparison theorem 3.5 and using the function g(w) = (w—a)/(b— 
a), w € Q, one obtains 


ey {0,1} (9(Z)) S Ag(ay(9(Z)) = |b - a)Aa(z) 
which is equivalent to 


1 1 
Drala) dist(z, 02) ~ Bgl) Aegon)’ 


This together with Landau’s inequality (3.19) give 


1 1 


Drala) dist(z,0M) ~ 2) + Foy (3.22) 


Consider now any point a’ € 2 such that |z — a’| = 6, where 6 = dist(z, 0). 
Clearly, if the circle {w||w—a’| = 6} meets 0, then 6o(z) = 0. Otherwise there 
exists a maximal non-empty annulus of the form 


An = {w | de-™ < |w—a’| < de}, 
such that 

a €0Q, AncQ, m/m < Mo(Q). 
As An is maximal, there is a point b’ € 02 0An, consequently 
z- / 
b/ a. aq’ 


Bo(z) < log =m <1M)(Q). 


This together with inequality (3.22) give inequality (3.21). 
The proof of Theorem 3.12 is complete. 


Theorems 3.10 and 3.12 are connected with applications of the Poincaré 
metric in problems of function theory and of mathematical physics. As an example 
we mention a result on Hardy type inequalities. 

Let Co°(Q) be the usual family of smooth functions with compact support 
in 2. For p € [1,00) we shall consider the Hardy constant c,(Q) defined by 


LP(Q) 
where 6 = dist(x + iy, OQ). 


Theorem 3.13 (Avkhadiev [12], see also [13]). Let Q C C be an open set with more 
than one boundary point in C. For any p € [1, 00), 


ex) = sup {| £162” 


L»(Q) | fe CQ), orn] 


ae (3.28) 


min{2,p}Mo(Q) < ¢,(Q) < 2p (= aon) + Te 
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The proof of the upper bound in (3.23) uses the inequality (3.21). The key 


role in this proof is played by the following lemma. 


Lemma 3.14 (see [12], p. 10 and [13], Theorem 3). Let 2 C C€ be an open set of 
the Riemann sphere with more than two boundary points in C. If1 <p < o, then 


for any f € C(O), 


Pp 
| [rrracay < (F _ wal wr AQ6)?~?? dx dy, (3.24) 
Q Q 


where 6 = dist(a + ty, OQ) and AX. = Ag(a + ty). 


Remark 3.15. In [13], the formula (4) contains a misprint. Namely, the power 
2p — 2 has to be replaced by 2 — 2p. 


The inequality (3.24) is a generalization of a known fact for simply or doubly 
connected domains. Namely, if any component of 2 can be mapped conformally 
onto either the unit disc A or an annulus of the form {z|q < |z| < 1}, then for 
any f € C°(Q), 


| [\rrracay Z (B)’ ff ivam age ava, (3.25) 


The inequality (3.25) can be derived using the original Hardy inequality 
and the conformal invariance of the hyperbolic metric (see, for instance, [4], [11], 
[12], [13], [63]). Unfortunately, in the general case, where no constraints on the 
components of 2 are imposed, inequality (3.25) does not hold even for (p/2)? 
replaced by any other finite constant. For instance, an inequality of the form 
(3.25) does not hold for 2 = C \ {0,1}. 


3.4 An application of Teichmiiller’s theorem 


As is observed in the book [55] of Carleson and Gamelin (see p. 64): 


A simple scaling and normal families argument shows that conformal annuli of 
large modulus contain genuine annuli of large modulus. 


As usual, the modulus M(D) of a conformal annulus, or a doubly connected 
domain, equals the modulus of the genuine annulus that is conformally equivalent 
to D (see for instance [3] and [97]). 

Let 2 Cc C be an open set with more than one boundary point in C. A 
compact set EZ = C \ 2 is said to be uniformly perfect if 


M(Q) = sup{M(D) | D CQ doubly connected and separating E} 


is finite. The most known quantity describing the geometry of uniformly perfect 
sets was defined by Pommerenke in [129]: A compact set E on the Riemann sphere 
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C that contains the point at infinity is uniformly perfect if there exists a constant 
c € (0,1) such that, for every zo € E \ {oo} and every r € (0,00), the set EM 
An(cr,7; 20) is not empty. 

Let Co(E) be the supremum of the admissible constants c € (0,1) for a 
uniformly perfect set. It is evident that 


Oy(E) Se OO) = OVE, 


where Mo(Q) is the quantity defined in Section 3.3 as the supremum of the moduli 
of all genuine annuli An C 2 such that An separates EF and the center of An 
belongs to OQ (see [129] and also [36], [37], [55], [65], [130]). 


We take M(Q) = 0 for open sets that have simply connected components 
only and Mo(Q) = 0, if 2 contains no genuine annulus centered at a point of 0Q 
and separating E. 

Since any genuine annulus is a conformal annulus, the inequality 


Mo(2) < M(Q) (3.26) 
is trivial and the above remark of Carleson and Gamelin implies 
M(Q) = co = MQ) = ~. (3.27) 


On the other hand, using his theorem on extremal moduli, Teichmtller proved in 
[162] that any doubly connected domain D with M(D) > 1/2 contains a circle 
which separates the components of its complement. Moreover, the center of this 
circle may be chosen at £1, the bounded component of C \ D, and the radius of 
the circle equals the diameter of Fy. 

Solynin (see [153]) and Herron, Liu, and Minda (see [82]) proved that a 
separating circle exists for doubly connected domains D with M(D) > 1/4, if one 
does not restrict the position of the center of the circle. In [82] it is also proved that 
such D contain separating annuli An of modulus M(An) = M(D) — c (c = 0.46), 
where again no restriction is imposed on the center of the annulus. In the same 
paper, they prove that M(An) > M(D) —é@ (@ = 2 log(2V/2 + 2) 0.501) if one 
fixes the center of An on OD. 

In the following we will use the result of Teichmiller to derive a new quanti- 
tative version of the Carleson-Gamelin remark, where we find 1/2 to be the best 
possible constant in a similar inequality, not only choosing the center of An on 
OD but fixing it as Teichmiiller did. 

We will apply this result to different characterizations of uniformly perfect 
sets and to estimates of the second derivative of functions analytic on open sets 
with uniformly perfect boundaries. In addition to (3.26) and (3.27) we prove that 

M(Q) < Mo(®) + ; (3.28) 
for any open set QC C. The proof is based on the above cited theorem of Teich- 
miiller and on a related formula of Ahlfors in [3]. 
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We are concerned with the following theorem of Teichmiiller (see [162] and 
also [3]). 


Theorem 3.16. Of all doubly connected domains that separate the pair {—1,0} from 
a pair {wo,0o} with |wo| = R, the one with the biggest modulus is the complement 
of the union of the segments [—1,0] and [R, ov]. 


Clearly, to prove the inequality (3.28) for any open set 2 it is sufficient 
to consider the special case where 2. is a doubly connected domain. Hence, the 
inequality (3.28) is a corollary of the following extension of Teichmiiller’s result 
on the existence of a separating circle. 


Theorem 3.17 ([27]). Any doubly connected domain D C C with M(D) > 1/2 
contains an annulus An = An(r,s;20) such that M(An) = M(D) — 1/2, the 
center 29 belongs to the bounded component E, of C \D and diam E, = r. The 
constant 1/2 is sharp. 


Proof. Let E = C\ D = E,U Eo, where E; and E> are the connected compo- 
nents of &. Without loss of generality we may assume that the diameter of Ey 
equals 1 and that the points z = 0 and z = —1 belong to E,. Now, we consider 
the annulus An(1,m;0), where m = exp(27(M(D) — 1/2)). It has the following 
properties: An(1,m;0) 1 FE, = 9, the center of An(1,m;0) belongs to E, and 
M(An(1,m;0)) = M(D) —-1/2. 

If An(1,m;0) Cc D, then An(1,m;0) separates F and there is nothing to 
prove. Let us assume that this is not true, i.e., that there exists a point wo € E> 
such that 1 < |wo| < m. Taking |wo| = R we consider the Teichmiiller annulus 


D(R) = €\ ([-1,0] 9 [R, co) 
with the modulus A(R) (compare [3]). According to Theorem 3.16 the inequality 
M(D) < A(R) (3.29) 


is valid. On the other hand, we will prove that the assumed condition 1< R<m 
implies that 


i 1 
A(R) < slog R +5 < M(D). (3.30) 


Clearly, (3.30) contradicts (3.29). Hence, to complete the proof of Theorem 3.17 
it is sufficient to show that the first inequality in (3.30) holds for any R > 1. The 
function A(R) is implicitly defined by the following formula due to Ahlfors (see 
[3], p. 75, also compare formula (3.14)): 


1 7 fi-@et\° Qn A(R) 
i= all ( ea ) ge ’ (3.31) 
n=1 


It is known that A(1) = 1/2 and that A(R) — oo as R — oo. If one considers the 
first equation in (3.31) as the definition of a function R(q), it is evident that qR(q) 
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is a decreasing function of q for 


Cig eet =e 7), 
The function gR(q) decreases from 1/16 to exp(—7), when g increases from 0 to 
exp(—7). In particular, 


e2r A(R) 
R 
for any R > 1, and (3.30) follows. 
The sharpness of the constant 1/2 is a consequence of Teichmiiller’s consid- 
erations, since in the case M(D) = 1/2 there does not exist a separating annulus 


with the above properties. 
This completes the proof of Theorem 3.17. 


16 < < e" =23.14.... 


In contrast to the conformal characteristic M(Q) the quantity Mo(Q) is not 
a conformal invariant. Nevertheless, it may be useful to remark the following con- 
sequence of Theorem 3.17. 


Corollary 3.18. Let Q1 and Qe be two conformally equivalent domains in C. If 
Mo(Q1) is finite, then 
IMo(%1) — Mo(%)| <5. 
Remark 3.19. For any genuine annulus An, the inequality 
Mo(An) < M(An) 


holds, since we consider only those separating genuine annuli in An, which have 
a center lying on 0An. Geometrically it is evident that a genuine annulus An has 
such a separating annulus, if and only if 


1 1 
ae e — : 
= log 3 < M(An) < Mo(An) + On log 3 


3.5 Domains with uniformly perfect boundary 


There are about twenty characterizations of domains with uniformly perfect 
boundary via the Hayman-Wu condition, domains with strong barrier, local be- 
havior of harmonic measure or logarithmic capacity, etc. (see, for instance, [9], 
[36], [87], [55], [62], [65], [67], [76], [77], [79], [129], [130]). 

In this section we continue to use the Pommerenke characteristic Co(E) = 
exp(—2m Mo(Q)), Q = C \ E. Our aim is to consider the problem of comparing 
the Euclidian geometry characteristic Mo(Q) of open sets with uniformly perfect 
boundary with the following characteristics of the hyperbolic geometry on 2: 


a(Q) = inf{Ae(z)dist(z,d0Q) | z € O} (3.32) 


3.5. Domains with uniformly perfect boundary Al 


and 
+(Q) = sup {|VAg*(2)| | z EQ}, (3.33) 


where Ag is the density of the Poincaré metric with curvature —4 defined on the 
components of 2. 
We will prove that 


sup{Mp()a(2)} = 4 (3.34) 
and that iy (9) ; 
SU 0 — 7 
; P{ (9) } re mae) 


where the supremum is taken with respect to all open sets 2 Cc C that have more 
than one boundary point in C. In the proof of (3.34) and (3.35) we show that 


(y(An))? _ 1 | 2 
io at CMAN) 


for any genuine annulus An and that 


1 
a(An) 


4M(An) ~ 


for genuine annuli if M(An) > oo. 

We must confess that the above considerations have their origin in the central 
question of this book, compare section 1.2. Let Q and II be open sets in C or in 
C and let A(Q,I) be the set of functions f : Q — II locally holomorphic or 
meromorphic and in general multivalued. What can be said about the influence of 
the geometric properties of Q and II on the quantities 


7 [£2] An(F(2)) 
cn(8.m) = sn mn! (Aa(z))” 


The above considerations give us the possibility to determine bounds for C2(Q, IT) 
in terms of the quantities Mp(Q) and Mo(II) that are “visible” in Euclidean ge- 
ometry. During these proofs (see Chapter 6) we get a sharp form of the Osgood- 
Jorgensen inequality (see [88] and [121]), namely 


sup{sup{|V log Ag(z)|dist(z, dQ) | z € OF} = 2, (3.36) 


| zEQ, f acs.any 


where the first supremum is taken with respect to all hyperbolic domains 2 c €. 


Firstly, we cite some known results. In [121], Osgood proved that 

2 
< 7(Q) < —~, OCC. 3.37 
<0) < Ty, Ae (3.37) 


From Theorem 3.12 of Beardon and Pommerenke, it follows that 


a(®) 


a < an My(a) + SCL" QC. 
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In [37], the first paper on uniformly perfect sets, it is also proved that 


Mo(Q) < ee, (3.38) 


2a(Q)’ 


The following theorem assures that the equations (3.34) and (3.35) hold, where 
(3.34) is the sharp form of (3.38). 


Theorem 3.20 ((27]). Let Q Cc C be an open set with more than one boundary point 
in C. If a(Q) > 0, then the inequalities 


Mo(Q) < © and M)(Q) < nO) 


(3.39) 
are valid. The constant 1/4 is best possible in both cases because of the equations 


_ Mo(An(e,1;0)) _ ; -o)) — 1 
dim, Cane, 1:0) = Jim, Mo(An(e, 1;0))a(An(e,1;0)) = 5. (3.40) 


d 


Proof. We first prove (3.39). To that end, it is sufficient to consider the cases where 
0 < Mo(Q) < ~, 7(Q) < oo, and a(Q) > 0. We have to estimate the modulus 
M(An) for any genuine annulus An := An(r1,1r2;a@) C Q such that 


(i) O<r1 <2 <M, 

(ii) a € OQ, 

(iii) {z | |z-al =r} Ud0 FG, 

(iv) {z | Jz -—a] =re}UdQFO. 

We choose a point b € OQ with the property |a — b| = r; and define zg € An by 


b-—a 


zy =at gal To, To = Vri2. 


We have 
dist (zo, OQ) <ro-11 = To (1 _ eee 


and as in [37], p. 479, we get using the comparison principle (see [3], p. 53) for 
AncQ, 


The two last formulas imply 


a(Q) < Ag(zZo)dist(z,0Q) < 
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Using the fact that Mo(Q) is defined as the supremum of the moduli for the genuine 
annuli An defined as above and the first inequality in (3.37), we obtain 


Mo(®) 1 (Q) 


< Al 
1—e7™Mo(2) ~ 4da(Q) ~ 4 eal) 


Obviously, (3.41) implies (3.39). 
As preparation for the proof of the equations (3.40), we first derive an inter- 
esting formula relating M(An) and y(An) for genuine annuli An. 


Lemma 3.21 ([27]). For any genuine annulus An the equation 


(y(An))? _ 1 2 
ag 2 a + (M(An)) (3.42) 
is valid. 


Proof. Since the conformal modulus and |V(1/A.4n(z))| are invariant under linear 
transformations of open sets, it is sufficient to consider annuli An = An(e,1;0),€ > 
0. Denoting by M the modulus of such an annulus, i.e., 


M := M(An) = = loa(1/), 


we get 
7 _ ( log(1/lzl) 
ee ee 4M |z| sin ( oM , 2€An, 
(see, for instance, [37]). Hence, 
d(1/Aan(z 
IV(a/Aan(2))| = [2am joc, 
d|z| 
where evi 
s(t) =4Msint—2sint, with t= fost) E (0,7). 


By a straightforward calculation we derive 


(An) = max{|s(t)| | ¢ € [0, a]} = |s(to)| =2V14+4M?, tan to = —2M, 
which completes the proof of Lemma 3.21. 


The formulas (3.39), (3.42) and Theorem 3.17 immediately imply 


. Mo(An(e,1;0)) — 1 
es0t atAnte, 1:0) © Shs 3:43) 


From the second inequality of (3.39) we see that 


lim,.94Mo(An(e, 1; 0))a(An(e, 1; 0)) < 


Ale 
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Now, let us assume that the second equation in (3.40) is not true, i.e., 


lim, _.94 Mo(An(e, 1; 0))a(An(e, 1; 0)) < 


Ale 


Applying once more Osgood’s estimate a(Q) > 1/7(Q) from (3.37) to Q = An in 
the assumed inequality, we get 

Mo(An(e,1;0)) ~ 1 

1 

m0 (Anle G0) ~ a 


which contradicts (3.43). 
The proof of Theorem 3.20 is complete. 


3.6 Derivatives of the conformal radius 


There are two motivations to consider the derivatives of the conformal radius. The 
first one is the possibility to understand famous classical results in terms of the 
gradient of R. The classical inequalities on the second coefficient az by Bieberbach 
[40] in the class S and by Lowner [109] in the family of convex univalent functions 
may serve as examples. Actually, let z9 € 2, and let f be a conformal map of the 
unit disc A onto 2 Cc C such that f(¢)) = 2, where Cy € A. Consider the Koebe 
transform 


) eo) 
=€+ So an(ge, CEA. 


n=2 


It is well known that 


2|a2(9)| = c col?) oe 2G] 
On the other hand, by formula (3.6) one has 
ome Om ; 
IVR(z, 2) a cl?) FAS — 2¢ (3.44) 


for any z = f(¢) € ©. Hence, Bieberbach’s inequality |a2(g)| < 2 immediately 
gives the following theorem. 


Theorem 3.22 (Bieberbach). Jf Q is a simply connected proper subdomain of the 
plane C, then 
IVR(z,Q)| <4, 2€Q. 


Clearly, f(A) is a convex domain if and only if g(A) is convex. Lowner’s 
inequality |a2(g)| < 1 implies that |V R(z0,2)| < 2. 
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On the other hand, if |VR(z,Q)| < 2 for any z € O, then (3.44) implies that 


LO 
£9) 


which is the classical condition for a conformal map f : A — 2 to have a convex 
image. These give the following theorem. 


Re¢ 


+1>0, ¢EA, 


Theorem 3.23 (Léwner). A proper subdomain Q of the plane C is convex if and 
only if 

sup |V R(z,Q)| < 2. 

ZEN, 


We have proved the following analog of Theorem 3.23. 


Theorem 3.24 ([15], [20]). Let Q C C be a simply connected domain with more 
than one boundary point. The set E = C\Q is convex if and only if 


inf |VR(z,Q)| > 2. 
zEQ 


The second motivation is given by applications of the gradients to Schwarz- 
Pick type inequalities (see Chapter 4, Section 6, below) and by a number of theo- 
rems and their applications on the geometry of the surface 


Sq = {(w,h) | we Oh = R(w,2)} 


(see [49], [74], [76], [89], [95], [119], [168], [169]). As an example we mention 


Theorem 3.25. A domain Q C C is convex if and only if R(-,Q) is a concave 
function on Q. 


In the paper [95], Kovalev studied an analog of Theorem 3.25 for unbounded 
simply connected domains 2 C C. He proved that C\ is a convex set if and only 
if the function R(-,) is a locally convex function. In [20] we developed these facts 
using the following observation. 

Since the Jacobian of the gradient of R is 


8 R(z,Q) 0? R(z,Q) & R(z,Q)\? 
Q = ’ 9 ’ — . Q 
J(z,Q) 922 Oy? andy ,2=2+ied, 
and a condition necessary for a real-analytic function to be convex or concave on 
Q is the inequality 
J(z,Q) >0, 2 €Q, 


we observe that Theorem 3.25 and its generalizations are related to VR. Moreover, 
we consider the image of the domain 2 by the gradient (see [20] for details). We 
present here the case only when 2) is a polygonal domain. 
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Using the Wirtinger calculus, the gradient can be written as a complex vari- 

able function 
OR(z,Q)  .AR(z,Q) 0 R(w, Q) : 
Q) = =2 = Q. 
VR(z, Q) Fx i Dy a r+iye 

We begin with a simple example. Let z = f(¢) = ¢+1/¢,¢ € A. One has 
Q := f(A) = C\ [-2, 2] and VR(-,Q)) is a diffeomorphism. Therefore, to find the 
gradient image it is sufficient to find its boundary. We have 


3 


1 1—<¢¢ 
=VR =,9) = 2|1-¢? ‘ A. 
6) = VA(C+ 2.9) = 2H -A] AS, ¢ 
Hence, 
i _ f —2é for any 6 € (0,7), 
het HS) = { 2i for any 6 € (a, 27). 


Moreover, it is clear that g(¢) has no limit as ¢ > +1. Straightforward computa- 
tions show that the set of all limit values of g(¢) as ¢ — 1, ¢ € A, is a curve % 
given by the parametric equation 


. t t 
wi(t) = 2e” (200s 5 ising). t € (—7,7). 


This is one branch between the two contact points 27 and —2i of an epicycloid that 
is described by a point on a circle of radius 2 rolling on another circle of radius 2. 
Since g(¢) = —g(—¢), the gradient image of Q is the set of all points outside the 
two branches of the above epicycloid, where the second branch is described by 


we(t) = —wi(a +t), t € (—7,7). 


One may observe that 7 coincides with the set of values of VR for an angular 
domain with opening angle 27, which is a branch of an epicycloid. This observation 
can be extended: If Q is a polygonal domain, then the gradient image is bounded 
by branches of epicycloids or hypocycloids. To avoid confusion we want to mention 
that these epicycloids differ from those occurring in the Ptolemaic system. 


Theorem 3.26 ((20]). Let Q be a simply connected domain in C or in C. If the 
boundary of Q is a polygon with inner angles war, vertices z, and sides (Zp, Zk41); 
K= 1,213, Zhai = Zi; then 


(a) VR(-,Q) is a real-analytic function on Q\ {21,.--,2n,}, 
the gradient image of a side (2x, ZR41) is a point wz such that |w,| = 2, 
the set of all limit values of VR as z > zp, is a curve yz that joins we_-1 with 


wr and is defined by a parametric equation 


wy(t) = 2etlrt+on (cost — isint), t € SS sh 


where cy is a real constant. 
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Using Theorem 2.14 we shall obtain sharp estimates for higher-order deriva- 
tives of the conformal radius.. Let us introduce the functions 


1 ,O* log R(z,Q)~? 
aay zk 


Also, for a fixed a € 2 we consider pu, = fz(a,Q) and the quantities 


pe (z,Q) := k=1 


yeeegn, ZEQ. 


Tnn—1(@), Tnyn—2(@),--+;Tn,0(Q)), 


defined by the following recurrent formulas: 


k-1 
Tk,k(@) =1(0<k <2), Teo(a) = pe Uk—sTs0(@),1<k<n, (3.45) 
s=0 
m—k+1 1 
Tm,b() = 2 = Te-1,0(L)Tm—sk-1(@), 2Sk<m<n. (3.46) 


In the case 0 < k < n—1, 7™,~(@) depends on n,k,a,a and Q. For instance, if 
Q =A and aé€ A, then 


2a—1 be 
rafal (REY art 


Theorem 3.27 ([14]). [f Q is a simply connected proper subdomain of C, then 
1 
sup sup |{4n(a, 2)| = x(a, C \ [7, 00)) (3.47) 
Q aEQ 4 


and 


n—-k 
2n+3a-1 n—-k-s+a-2 
sup sup |7n,«(@)| = a ( : ) ( pees glk i. (3.48) 


Proof. Let w be the conformal mapping of 2 onto A, w(a) = 0, v’(a) = Ag(a) > 0. 
By definition, 
Ao(z) = WZ) -(2)7)*, sz EQ. 
This yields 
2(z) 


Alog 2(z) _ v"(2) o 
Oz V2) 1 vv) 


(2). 


Hence 


k 2a Wy (k—1) 
Kol = Gop = Eat (GG) ee B40 
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and 
y"z) 
y'(z) 
in some neighbourhood of a. 
According to Theorem 2.14 by Klouth and Wirths and the equation (3.50), 


= DAG a) ue+1(a,.9)(z — a) (3.50) 
k=0 


1 
[ME (a, Q)| < px(0,C \ (-,00)), k=1,2,.... 
4 


Equality for k € IN occurs if and only if {a,} is a linear transformation of 
{0, C\[$, 00) }. The conformal mapping ®) : A — C\[}, 00), ®o(0) = 0, o(0) > 0, 
is given by the Koebe function ®9(¢) = ¢(1+ ¢)~?. It is not difficult to verify by 
direct calculations that 


n—-k 
,(a)= 0 ( Pics ) ( aes. ) 
s=0 

for the Koebe domain C \ [4, 00) at the point z = 0. 

From (3.47) we obtain (3.48) since 7,,(@) is a polynomial with positive 
coefficients in the 141,..., Ln. 

For n = 1, we get |71,0(a@)| = algrad A5*(a)|. Hence, |r1,0(a)| < 4a by the 
classical Koebe constant 1/4. 


Chapter 4 


Basic Schwarz-Pick type 
inequalities 


Let Q Cc C and II C C be two domains equipped by the Poincaré metric. We are 
concerned with the set 
A(Q, 1) = {f :@ 1} 


of functions locally holomorphic or meromorphic in 2 and, in general, multivalued. 
Let A(z), z € N, and An(w), w € IT, denote the density of the Poincaré metric at 
z€Q and w € I, respectively. 

Consider the functional L,(f, z,, I) defined by 


|#(2)| (a(z))” 
= L, (f, 2,0, 1) ——,_ z €Q, € A(Q, TI), neN. 
a (f alfa) f € A(Q, TD) 
Many problems in geometric function theory are devoted to the problem of deter- 
mining 


M,(z,2,1D := sup {L,(f, z,Q,1 | f € A(Q, ID}, 


and, respectively, 
Cp,(Q, ID) := sup {M,,(z, 2, TD) | z € OF. 


It is clear that C,,(Q,ID) is not dependent on f and z € 2 and represents the 
smallest number possible in the inequality 
(n) n 

FPO come" 2e0, fe sam, 

nl 

The classical Schwarz-Pick lemma says that Mi(z,A,A) = C)(A,A) = 1 

and in turn M,(z,Q, TD) = C1(Q, 1) = 1 for any pair (Q, II) of hyperbolic domains 

in the extended complex plane, as we have discussed above. 
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We shall consider the problem of determining C,,(Q,II) for all n > 2. In the 
proofs we will frequently use the fact that the functions M, and C,, are invariant 
under linear transformation of domains. This means that the equations 


M,(z, 9,11) = Mn(az + b, a0 + b, c+ d) 
and 
C,,(Q, IL) = C,(aQ + 6, cII + d) 
are valid, where aQ +6 = {az+b|z €Q} and cll+d= {cw+d|w € II} for some 
a,cE€ C\ {0}, de C. 
Also, the following fact deserves reader’s attention. For technical reasons we 


explain a simple case, when II is a bounded domain and z € 2 Cc C. Normal family 
arguments show that there exists a sequence f, € A(Q,II) such that 


M,(z, 0,1) = jim Ln( fr, 2,2, WD), 


and f, converges to a holomorphic function fo uniformly in the interior of the 
domain (2. Clearly, there are two possible cases to distinguish: The limit function 
fo belongs to the family A(Q,II) or fo(z) = const. € OI, and consequently, 
fo ¢ A(Q, II). The second case is typical in our problems. If n > 2, then there is 
no extremal function f € A(Q,T) such that M,(z,0, 0) = Ln(f,z,0,1I) except 
in some very special cases. 


4.1 Two classical inequalities 


Let f € A(A, A). A consequence of 
z 2 
1 |f (20)| 2 A 


1 — |zo|? ? ’ 


If’ (z0)| S 
is the sharp inequality 
1 
‘ < —_, A. 
\f (zo)| = 1 — |zo/2’ zo © 


Equality is attained for conformal automorphisms f of A such that f(z) = 0. In 
1920, Szasz extended the latter inequality to higher-order derivatives. 


Theorem 4.1 (O. Szdsz [160]). For any f €¢ A(A, A), ze A, andm EN, the sharp 


inequality 
(Qm+1)! fm \* ox 
[fom (2)] 2S \2I 
lp mea are 


is valid. Equality occurs only for the functions 


4.1. Two classical inequalities ol 


Proof. We consider the function g € A(A, si defined by 


According to the Cauchy formula, integration along a circle [ around the origin 
lying in its neighbourhood and the use of the variable substitution 

C+2 
Lage 


= = S(¢) 


results in the following chain of equations: 


fod) 1 fae _ Lf gL +26)" 
= = a : (4.1) 


nl mri €—z)rti Cr+1(1 — |z|2)n 


For n = 2m +1 using |g(¢)| < 1 we obtain 


m 20 
| g(G)(1 + 26)? Sie ~ | 1 + ze® )2" a9. (4.2) 
T 0 


Game 


1 
27 


Clearly, formulas (4.1) and (4.2) imply the desired estimate by the binomial and 
Parseval formulas. A little examination of the inequality (4.2) gives that equality 
can occur only for the function 


GHe 


g(Q) = cm} (; — 


) » YER. 


This completes the proof of Theorem 4.1. 


Remark 4.2. In [160], during the proof of the theorem Szdsz gave the formula 


COTY pone (BoE agent (43) 


n 
k=1 


as a consequence of equation (4.1). Also, in [160] by a similar proof Szdsz obtained 
an explicit sharp bound for |f”(z)|. But the problem of finding an explicit formula 
for {max |f@™)(z)|| f € A(A, A)}, z € A, in the case m > 2 is still open (2008). 
Concerning Szdsz’s majorant for n = 2m-+ 1, one easily obtains that 


1 27 ‘ 1 27 
sup — [1 + Ze%? |?" dp = = | [1 + e%? |?" 9 = 22” 
zed 27 Jo 2m Jo 


(2m — 1)!! 
(2m)! ° 


Moreover, for n = 2m the proof gives the estimate 


(1=|z)2)"" cam 
veh (2m)! fe ‘OlS > Gaal 


which is not sharp, at least for n = 2. 
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E. Landau remarked in [98] that a special case of the following theorem, 
namely, Theorem 7.1 (see below), is a consequence of the validity of the Bieberbach 
conjecture. 


Theorem 4.3. Let II be a simply connected proper subdomain of C and z € A. 
Then 


Mn (z,A4,11) < Mn(z,A, H2) = (n+ |2|)C. + |21)"— 
where Hz = C \ (—co, 0]. 


Proof. We use the fact that de Branges’ proof of the Bieberbach conjecture implies 
a proof of the generalized Bieberbach or Rogosinski conjecture. This means that 
the Taylor coefficients of a function subordinate to a schlicht function are domi- 
nated by the Taylor coefficients of the Koebe function. Therefore, for the Taylor 
coefficients of a function f € A(A,II), the inequalities 


An (ao) |ax| <k 


are valid. Using the latter inequalities and formula (4.3), we get 


n(z, A, TT) y(t) te -F = (n+ [al + fel)? 


k=1 


Straightforward computations show that 


Dn(G0, 2, A, H2) = Mn(z,A, He) = (n+ |2|)(L + |21)" 


ao(@) = 4 (3 7 = acl) 


This completes the proof of Theorem 4.3. 


where 


Corollary 4.4. [f II ts a simply connected proper subdomain of C, then 


C,(A, ID < C,(A, He) = 2"-?(n +1). 


4.2 Theorems of Ruscheweyh and Yamashita 
According to our notation C,,(Q,II), the identity 
CA ny =o" 


has been proved by St. Ruscheweyh (see [142] and [143]) in two basic cases, when 
II is a half plane or a disc. Here we present the original versions of his theorems. 


4.2. Theorems of Ruscheweyh and Yamashita 53 


Theorem 4.5 (St. Ruscheweyh [143] (1985)). Let A = {¢ | |¢| < 1}. For any 
f € A(A,A), zE A, and n EWN the sharp inequality 

1—(f(2)P 
1—|z|)" (1+ |2|) 


1 

= | ¢(n) < 

aul <7 
is valid. 


This inequality was conjectured by Ruscheweyh in 1974 (see [142]). 
Proof. Let the function 


g(z) = oe apz* 
k=0 


be holomorphic and |g(z)| < 1 in the unit disc. It is well known that the coefficients 
of such a function satisfy the inequalities 


lag] <1, Jax] < 1 — aol? (4.4) 


for any k > 1. 
The inequalities (4.4) imply the assertion of the theorem immediately for 
z = 0. We now suppose that z 4 0 and define g(¢) as in the proof of Theorem 4.1. 
Using the Szdsz formula (4.3) and (4.4) together with equations f(z) = 
h(0) = bo, one easily gets 


(= leP)" < (1 = |bol?) > ( se ) Jel" = (1 = [bg|?) (1 + [2 


nl 
k=1 


F(z) 


which is the inequality to prove. 

We have to show that the inequality of Theorem 4.5 is sharp for n > 2 and 
any z € A, z £0. To this end we choose a sequence a; in A such that ay — z/|z2| 
as k — co and consider unimodular bounded holomorphic functions 


_ z&— ak 
Straightforward computations give 
EO @I_ _ _nllag "3 n! 
1—|fe(z)? |b —Gez|r-2. —|z/?) (2 — Ja|)®- 1 — |e?) 


as k > oo. 
This completes the proof of Theorem 4.5. 


Theorem 4.6 (St. Ruscheweyh [142]). Let f be holomorphic in A, n € WN, and 
p(f(z)) denote the minimal distance from f(z) to the boundary of the closed convex 
hull of f(A). Then the sharp inequality 


2 o( f(z) 
|z|)"(1 + lz) 


is valid. Equality occurs for conformal maps of the unit disc onto a halfplane. 


~|7 | < 5 
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Remark 4.7. For H; = {z | Re z > 0} this implies that for any f €¢ A(A, Hi), z € 
A and n € N the inequality 


< (1+ fepn 2 Bae 


1 | my, 
alhorw a (F(2)) 


holds. 


Proof of Theorem 4.6. (As St. Ruscheweyh indicated in [142], he owes the idea of 
the following proof to T. Sheil-Small.) Without loss of generality we can suppose 
that Re f(¢) > 0 in A, f(0) = 1 and p(f(z)) = Re f(z) for a given point z € 
A.Using the Herglotz formula 


_ 20 14+ Ce 
f= f To cen HO), 


where p(t) is a nondecreasing function with pu(27) — u(0) = 1, we get 


20 —int 
(")(¢) =2n! | —<—____ay(t). 
f0(G) = ant [Orel 
Consequently, by simple estimates and the Poisson formula 
2n! ae 1 —|2/ 2n! Ref (z) 
If™(2)| < i, —- dyi(t) = | 
(1 —|2|)>"*(1—[z)?) Jo [L — ze“? (1 — |z|)”~*(1 — |2|?) 


Since 1 — |z| = |1 — ze~“| is true only for e~* = e~*e = Z/|z|, it is easily seen 
that equality can occur only for a piece-wise constant function p(t) such that 


u((0, 27]) = {0,1}, and, consequently, the corresponding function fp has the form 


1 —ito : 
fol) = Fog = afl, 


and fo maps A onto H,. This completes the proof of Theorem 4.6. 


Let Q be a hyperbolic domain in C, i.e., Q has more than two boundary 
points. For a universal covering map y from A onto 2 and given z € Q, let peq(z) 
denote the greatest r € (0, 1] such that y is univalent in the non-Euclidean disc 


where z = y(w). Since the hyperbolic distance is a conformal invariant, the radius 
of univalence pg(z) is well defined. Also, we need the notation 


Hy = C \ (—~, 0}, H, = {w|Rew > 0}. 
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Theorem 4.8 (S. Yamashita [170]). Let Q be a hyperbolic domain in C, let z EQ, 
and let n > 2. For any holomorphic function f :Q— C with positive real part in 


Q. the sharp inequality 
<a( 21) (20) rete 
n palz) 


Also, in [170] Yamashita established the case of equality in Theorem 4.8. In 
particular, if Q = Hy and f(¢) = ¢~/?, then the equality is attained at the points 
¢ = z= > 0. Taking into account the classical equality 1/Ay,(w) = 2Rew 
and the invariance of C’, under linear transformation of domains, one obtains the 
equality 


= |F~ 


is valid. 


2n-—1 
n 


C,,(aH2 + b, H,) = ( ) (a £0). 


Clearly, if 2 is a simply connected domain, then pg(z) = 1 for any point z € 2. 
Therefore, this particular case of Yamashita’s theorem can be presented as follows. 


Theorem 4.9. [f 0 is a simply connected proper subdomain of C, then 


n 


Cn(Q, Hi) < Cn(Ho, Hi) = ( me ) 


In fact, Theorem 4.9 is equivalent to Theorem 4.8. Actually, suppose that 2 is 
a multiply connected domain in C and y as above. The covering map vy; : A — Q 


defined by 
pilQ=¢9 ($5) 


is univalent in the disc A, = {¢||¢] < po(z)}. The domain 0, := y(A,) is a 
simply connected proper subdomain of C and 
Ae (z) 
paz) 


=o, (z). 
Applying Theorem 4.9 to the function f |, in the simply connected domain Q, 
one immediately obtains Theorem 4.8. 

The original proof of Yamasita of these theorems is based on coefficient esti- 
mates of univalent functions by Chua (see [56] and [170]). We will obtain Theorem 
4.9 as a special case of our theorem proved in Section 4 of the present chapter. 


4.3 Pairs of simply connected domains 


We again will need the domain Hz = € \ (—oo,0]. In this section we will discuss 
the following theorem. 


56 Chapter 4. Basic Schwarz-Pick type inequalities 


Theorem 4.10 ((16]). Jf Q and II are simply connected proper subdomains of C, 
then the sharp estimate 


Cy (Q, IT) < C,,(H2, H2) = aS 


is valid. 


Proof. For f € A(Q, TD), zo € , we consider the functions 


8(C) := (®a,26(¢) — 20) An(zo), CEA, 
and 
t(C) = (®n, p(2o)() — F(z0)) An(F(z0)), CEA. 


Both of them belong to the class S of functions univalent in A and normalized in 
the origin as usual. The fact that f(Q) is a subset of II may be expressed in terms 
of the function 


u(G) = (F(®a,20(9)) — F(20)) An(f(z0)); CEA. 


It means that u(¢) is subordinate to t(¢). 
Using the Taylor expansion 


ud) = S- arAni(f(20))¢" 
k=l 


and the function Vo,,, inverse to ®g,., we get 


F(2) = F(20) + Yo ax (Yoz0(2))" 


k=1 


and therefore 


FOC). > (») 


n! = Ok “ ((Yo.2 (2))*) 


Z=Z0 


If we denote by s~!(w) the function inverse to s(€), define 


and use 


we see that 
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Hence, we get the formula 


fo) _ Sax An,e(Z0) (Aa(Z0))” (4.5) 


k=1 


which will be central in what follows. 


Let Ky be the inverse of the Koebe function 


We have 
Ky(w) =w+ S- Am(ki)w™, Am(K1) = We ! 
m=2 


and, by the Lowner theorem 2.13, the sharp estimates 


|Ama| < Am(K1) — 
m 


in some neighbourhood of the origin. It is evident that A,,(K 1) is a polyno- 
mial with positive coefficients in Am(A1), 2 << m <n, and A,,x,(Z0) is the same 
polynomial in A, 1(20), 2 << m <n. Accordingly, we have 


|An.n(Z0)| < Ankn(h), l<k<n. (4.6) 


For those quantities Ay, ,(1) we get 


k 2n 2k(2n — 1)! 


This is an immediate consequence of the Cauchy formula according to 


te, Se (Ki (w))* pest (aag)PeT=c) 
Are) Tass oe ie a 


Qri wrt Qri (n-kt1 


where r € (0,1) and 0A = {¢||¢| = r} (for (4.6) and (4.7) compare [56}). 
Further, the function u is subordinate to the function ¢ univalent in A and 
normalized as usual. According to the Rogosinski conjecture settled by de Branges’ 
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proof of the Bieberbach conjecture, the Taylor coefficients of the function wu satisfy 
the inequalities 
lax] An(f(z0)) Sk, KEIN. 


Using these estimates and the basic formula (4.5), we obtain 


Lf (zo)| AF (20)) 
ml (Aa(20))" 


where A,,,(/1) are given by formula (4.7). Using again the Cauchy formula to 
compute the latter sum, we get 


a 2n ae 
ee ae 


k=1 


(for the latter formula see also [56]). To complete the proof we have to show that 

Cn(H2, Hz) = 4"~', where Hp = C\(—co, 0]. To this end we consider f(z) = 1/z, 

z © Hy. For any z=2 > 0 using Aq, (x) = 1/(4x) and Ay, (1/x) = «7/4 one easily 
gets 

fo" (@)| Ava (1/2)) 

mt (Ax, (2))" 


This completes the proof of Theorem 4.10. 


are omar 


We will see below that it is possible to find lower bounds for punishing 
factors C,(A, TI) using the proper ics of hyperbolic metrics if the boundaries of 
the domains in question are “nice” (see Section 5.5). This was the reason why 
we tried to find lower bounds for punishing factors for pairs of simply connected 
domains by considering the limiting processes going to the boundaries. Our result 
is the following theorem. 


Theorem 4.11 (see [16]). Let Q and IL be two simply connected proper subdomains 
of C whose boundaries contain sectorial accessible analytic arcs. Then, for any 
n > 2, the assertion 

Qf 8 = OA y= O5(0, 1M) 


holds. Equality occurs if Q = A and II is conves. 


As usual, a boundary arc is said to be sectorial accessible if any point on this 
arc is the vertex of an open triangle contained in the domain in question (see for 
instance [131]). The proof for this result is very technical. Therefore we omit the 
details here. We hope that one of our readers will be able to give a proof for the 
following conjecture. 


Conjecture (see [16]). Given n > 3, then C,,(Q, 11) > 2"~! for all simply connected 
domains 2 and II in C. 
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4.4 Holomorphic mappings into convex domains 


We shall consider a holomorphic function f : Q — II, where II is a proper convex 
subdomain of the plane and 2 is the unit disc or a simply connected domain. 

The following theorem is a generalization of the Carathéodory inequality 
([51], [52], see also [42], p. 365, [48], p. 213) for Taylor coefficients of holomorphic 
functions with positive real part. Also, in [83] Herzig gives a description of extremal 
functions. 


Theorem 4.12 (see Rogosinski [139]). Let g and go be holomorphic functions with 
eXPANSLONs 


Co Co 
= dae go(z) = 2+ S> bn2”, zeEA 
n=1 n=2 


Suppose that go is univalent in A and II := go(A) is a convex domain. If g < go, 
then |an| <1 for any n > 1. Equalities |a;,| = 1 for all k = 1,2,...,n with some 
n > 2 occur if and only if g is a conformal map of A onto a half plane. 


Proof. For n € IN we consider the function 


1 n 
= — D9 zi") aq eS ae z€A, 
k=1 k=2 


where ¢ = e . Since wy = g(C*z) € II for any z € A, from the convexity of II 
it follows that (wi +-:-+ wWn)/n € IL. Hence, the function gy, is subordinate to 
go. Applying the Schwarz lemma to the function gg ‘(gn(z)), one immediately gets 
the desired inequality |a,| <1 for any n > 1. If |a,| = 1, then Schwarz’s lemma 
implies that g(z) = go(cz) , where |c| = 1. If |ai| = |a2| = 1 , then g(z) = go(cz) 
and |b2| = 1. Consequently, g is a conformal map of the unit disc onto a half 
plane according to the classical Lowner theorem on coefficients of convex univalent 
functions. 

The proof is complete. 


Qri/n 


The assertion of the following theorem immediately implies that M,,(A, II) = 
2”~1 for any convex domain II. 


Theorem 4.13 ((16]). Let Il be a convex proper subdomain of C and let n € WN. 
Then for any z € A the equation 


M,,(z, 4,1) = (1+ [2|)"~* (4.8) 
is valid. In the case z #0 and n> 2, there exist extremal functions for which 
Lif, zy M1) = (1 + jaye 


if and only if IL ts a half plane. 
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Proof. We fix z € A and consider f € A(A,II). Introduce the function fi € 
A(A, ID) defined by 


AQ) =f ($45) =Srartt, CEA, 
k=0 


Using the formula (4.3) we obtain 


n 


M,,(z, 4,11) < sup 1S ( ae ) \z|"—*|ax|An(ao) | g € a.m} . (4.9) 


n 
k=1 
From Theorem 4.12 for the function g(¢) = An(ao)fi(¢) it follows that 
An(ao)\az| <1, kEN. 


This together with inequality (4.9) give 


M,(z, 4,11) < om ( aa ) [ZS 4 le) 


nm 
k=1 


To prove M,(z,A,I) > (1 + |z|)"~! we first consider the case z = 0. If © 
denotes the conformal map of the unit disc A onto II with 6(0) = wo and 
®'(0) = 1/An(wo) > 0, it is obvious that the function f defined by f(¢) = ®(¢”) 
has the desired property: f”)(0)An(wo)/n! = 1. 

The inequalities for coefficients in Theorem 4.12 occur for all k = 1,2,...,n 
with n > 2 if and only if g is a conformal map of the unit disc onto a half plane. 
Therefore the existence of a function f for which L,(f,z,A,T) = (1+ |z|)"~1 in 
the case z £ 0 is possible only if I] is a half plane and this is the case in Theorem 
4.5 of Ruscheweyh. 

In the general case we only know that there is a maximising sequence (f;) C 
A(Q, TD) such that 

M,(z, 4,1) = jim, Ln( fr, Zz, A, U1). 


Without loss of generality, we can suppose that the sequence (f;,) converges uni- 
formly in the interior of the unit disc. Let 


fo(z) = im tO) Ben, 


If z 40, n > 2, and I/ is not a half plane, then the proof gives that fo ¢ A(A, I). 
Hence, fo(z) = const. € OII. To prove, nevertheless, the sharpness of (4.8) for any 
convex domain II, we present such a sequence explicitly using the convexity of I 
and the linear invariance of M,,(z, A, ID). 

Clearly, there exist a point w, € OI, a disc A; and a half plane H such that 
A, CILC AH and w, € OA; NONNOH. Without loss of generality we may suppose 
that 

Ai = {w||w-1f) <1} ccm. 


4.4. Holomorphic mappings into convex domains 61 


The origin belongs to the boundaries of A;, I] and H,. Now we use a refinement of 
an idea presented in the proof of Theorem 4.5 by Ruscheweyh. Namely, for fixed 
z € A \ {0}, we consider the sequence 


1 Zz 
={1 keWN 
oe ( eae ; 


of complex numbers and the sequence of f;,, k € IN, of conformal maps of A onto 
A, defined by 


ak ¢ — OK 
=— — +1, EA. 
fr(C) |ax,| 1 — ag¢ ¢ 
A straightforward computation using 
1 
=2Rew-—|wl?, we Ax, 
Xa (w) ie 
yields 
ee Ub SsiZ es =i 
a = = (] Kanes 
nate (Fis» 2, A, Ar) pale |1 — agz|"—! lz) 


Theorem 3.5 assures that 


Jw]? An, (w) © An(w) 
< <1 A. 
Rea (aa) 
Since fel \2 
rf K(z 0, 
k-too 2Re (fe(2)) 
it is evident that 
. 1 SiC) amen eee ee 
jim, Ln( fr, 2, A, TI) onal im, Lal fe 2A, Ai) SCF )) -.. (1 v |z|) 


This completes the proof of Theorem 4.13. 


Finally, we consider pairs (Q, II) with simply connected 2 and convex II. We 
will need the constant 


from Theorem 4.9 of Yamashita. By mathematical induction and Stirling’s formula 
it can be shown that 


(*51 ae nis (pei) wn 


and that 
Cn. ae 


(Oni < ase (n > 2). 


Theorem 4.9 is a special case of the following assertion. 


gn-l < qr-1/2 
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Theorem 4.14 ([17]). Let Q and IL be simply connected proper subdomains of C. If 
II is a convex domain, then 


(2n — 1)! 


< — qn—-1/2 
C,,(Q, TI) = Cy, (He, TN) 4 (2n)!! 


Proof. We follow the proof of our Theorem 4.10 with the same notation but some 
little changes. 

Since I is a convex domain and u ~ t, we can use Theorem 4.12 of Rogosinski 
to obtain that |a,| An(f(zo)) < 1. This together with formula (4.5) give 


lf (z9)| An(f (20) n 
n! (Aa(Z0))” = aw |An,z(Zo)]- 


As in the proof of Theorem 4.10 we get 


k=1 


| f°”) (zo)| An(f(Z0)) n 
i Gaye 


Summing up gives 


ae ig), 


os 2T% gn 


which proves the desired inequality 


For II = A the lower estimate 
2n —1)!! 
C,,(H>, 1 > gn-1/22n— 1) 
(Ho, Il) 2 (2n)!! 


is given by the example of f(¢) = ¢~!/? at the points ¢ = z = x > 0. To obtain 
the lower estimate for any convex domain II, we proceed by approximation as in 
the proof of Theorem 4.13. Namely, we consider 


and the function f € A(H2,A,) C A(H2, H,) defined by 
2 
=——, Vl=1. 
VE+1 


Straightforward computations using the comparison theorem and the asymptotic 
behavior of the nth derivative of this function at the point z = x > 0, as x — +00, 


gr tl/2 | 0) (7) | (2n — 1)!! 


nl =2 oi Oe 


F(G) 
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gives that 
tm EEO @MAnF@) _ gaye 2 = 1)! 


This completes the proof of Theorem 4.14. 


4.5 Punishing factors for convex pairs 


The main aim of the present section is to prove that C,(Q,IT) = 2-1 for any 
pair (Q, 11) of convex domains ( see [24], see also Chua [56], Li [102], [103], and 
Yamashita [169] for special cases). 


Theorem 4.15 ((24]). Let Q and II be two convex proper subdomains of C and let 
f € A(Q,ID,n EN. Then for any zo € QD the inequality 


IF (20) — on 
nl" Unf) 


is valid. The constant 2”—1! can not be replaced by a smaller one independent of 
f € A(Q, ID and zg € for any pair (Q,11) of conver domains. 


(4.10) 


Proof. In the following we consider only the cases n > 2, since the case n = 1 is 
given by the Schwarz-Pick lemma. We first prove that C,,(Q, II) < 2"~1. According 
to the central formula (4.5) we have to prove that 


n 
y CrAn,k 


k=1 


< gn-l 


In the present theorem, the functions s and t belong to the class K of functions 
univalent in A that map A onto a convex domain and are normalized as usual, e.g., 
t(0) = 0 and t’/(0) = 1. Moreover, cz, are the Taylor coefficients of a holomorphic 
function subordinate to the function t, and A,, is the n-th Taylor coefficient of 
the power F*(w), where F is the inverse of the function s. Since the extreme 
points of the closed convex hull of the set 


{u | ut for some t € kK} 


are the functions 
Lz 
——., 2z€A, 
1 — yz 


for fixed (x,y) € OA x OA (see [75], Theorem 5.21), it remains to prove that 


Re (>: ayn) < 
k=1 


n 


S- y* An,k 


k=1 


OPE ee Ok. 
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Let an—zk,n be defined by the Taylor expansion 


Then the Schur-Jabotinsky theorem (compare for example [81], Theorem 
1.9.a) implies that for 1 < k <n the identities 


An, k = — An—k,n 
n 


are valid. Hence, we have to prove that 


<2", yedd. (4.11) 


The tool for the proof of (4.11) is the resulting representation 


Call = ee 1+>>( 3 ) wey”, ze, 


where |w(z)| <1 for any z € A by the Marx-Strohhacker theorem, that indicates 
Re(s(z)/z) > 1/2 in A (see [115] and [155], see also Section 7.3 below). If we define 


WZ)" => der’, wed, 
j=0 


we get the following formula for the sum appearing in (4.11): 


n-1 i n—-1 1 n-1 
= - n ng ae 
ee ee rd 8 PD ete 
1=0 o=1 j=o 
To have the desired inequality it is sufficient to prove that 
n—-1 
So(n — jy”? dj-o,0| <n-—o. 
j=o 


Now we observe that the functions w? also map the disc A into A. Therefore, 
we may replace the coefficients dj_¢,¢ by the coefficients d;_, of a unimodular 
bounded function when we consider the latter estimate. Taking p = n —o gives us 
an equivalent inequality 
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This inequality follows directly from Fejér’s inequality 


p-1 


So (p i T)d, 


T=0 


<P, 


which has long been known to be valid (see [61] and [159]). This concludes the 
proof of the inequality (4.11). 

Now, we shall prove that the constant 2”~! is best possible in any of the 
cases in question. 


Lemma 4.16. Let Q and II be two convex proper subdomains of C. Then for any 
n > 2 the inequality 
CAI) So 


is valid. 


Proof. We know that the constant C,,(Q, II) is invariant under linear transforma- 
tions of 9 and II. Hence, without restriction of generality, we may assume that 


Ai ={z | |jz-1 <1} COCM={z| Rez>0} (4.13) 
and 
A, CIUc Hy. (4.14) 
Let a € (0,1) and € € (0,1) and consider the function 
42 
fo(z) =a » BED: 
zt+a 


Obviously, fa € A(Q,ID). By the comparison theorem applied to the inclusion 
relations (4.13) and (4.14) we get 


Bat Ao (8) 28 = ‘ane An(8) 28 = 1. 


Now, by use of these asymptotic equalities, we prove Lemma 4.16 with the follow- 
ing chain of inequalities and equations. 


£2(8)| dn (fal) 


C,(Q,T) > lim lim 


€—0+ a-0+ n! (Aa(€))” 
AO) (egy 
= lim lm M—— 
é0+a-0+ mn! %Wq aa 
; . a(2—a) (2€)" : 2” aftr 
g04 00+ (E+ a)? 203 c04 248 


This concludes the proof of Theorem 4.15. 
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Remark 4.17. The last part of the proof shows that the constant 2”~! is ap- 
proached for any pair of convex domains, when zo and f(zo) approach the bound- 
aries of 2 and II at certain points. But there are simple special cases where the 
constant is attained at inner points. For instance, this happens if Q and IJ are half 
planes. Actually, if Q = = Hy and fo(z) = 1/z, then, at any point z9 = x > 0, 


Gy. -w ~2F Cae” 
n! gett An(1/r) ” 


since 1/Ay,(z) = 2Re z. 


4.6 Case n = 2 for all domains 


Let © and II be hyperbolic domains on the Riemann sphere C that are equipped 
with the Poincaré metric of curvature —4. According to Poincaré’s generalization of 
Riemann’s mapping theorem, this means that the boundaries of Q and II contain 
at least three points in C and that the density of this metric in the unit disc 
A = {z| |z| < 1} is defined as 

1 


Aa(z) => 1—|aP’ zen. 


We have considered the functionals L,,, M,, and C,, for several special cases. Ac- 
cording to [16], in the general case these functionals depend on the hyperbolic 
characteristics 


_~ OF log (Ag(z)) 
oz* 


_~ OF log (An(w)) 


— , l<k<n-l. 
Ty 


(Aa(z)) and (Ap(w)) 


Everything is clear in the case n = 2. In particular, the following theorem describes 
C2(Q, I) in terms of the gradients 


V (1/Aa(z)) = —2 Aalz))” 


and 


V (1/An(w)) = —2 (An(w))” 


Theorem 4.18 ([27]). For all hyperbolic domains Q c C and IIc C, 


C_(O,T1) = Ca(T1,@) = 5 (sup [V(1/Aal2))] + sup [V(/An())| ). 
Proof. Fix (z, 


z,w) € OxII, z 4 and w ¥ ow. We consider a function f € A(Q, TD) 
such that f(z) 


= w. Lett ®: A — Q and W : A — II be universal covering 
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maps such that ®(0) = z and (0) = w. We consider the holomorphic function 
g: A —A defined by 


96) = UMF(®O)) = Deng”, CEA. 


n=1 


By direct computations, one gets the identity 


f'(z) (®0))" _ w"(0) 2 _ &"(0) 


2 wo ~ 2 * aH) ~ 2670) 
and therefore y 
f'(2)|_ An(w = Slo te el, (4.15) 
2 (Aa(z)) ae 
where ©” (0) Naa 0) 
a d = ——. 
rn 1) nnn Z(0) 


If g € A(A, A) and g(0) = 0, then the function f = Vo go! belongs to the set 
A(Q,TD) and f(z) = w. Therefore, we have to find 


S(a,y) = max { 


at ec+ Sa] | ge A(A,A) with (0) =0}. (4.16) 


Using classical results on the Taylor coefficients of unimodular bounded functions 


(see [148]) we get 


x 
S(x,y) = max {leo + Sef + Saal | jer] <1, |ca| <1-|el*} 


and, by a little analysis, 


x 1 
(ey) = max f1-P+ Bes Ee | ce fou} = 5 rah lud, 


where the function F’ is defined as 


PP; ifp+2q = 4, 
ring = {3% ’_ ifp4+2q < 4, 


for p > 0 and q > 0. Combining this with (4.15) and (4.16) one gets 


Pp 
8—4q’ 


max{|f"(z)| | f € A(Q,1), fixed w = f(z)} = F((el, lvl) sania (4.17) 


where 
|z] =p =|V (1/Ag(z))| and |y| = ¢ = [V 1/An(w))|- 
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For a domain Q, by formula (3.6) in the form 


Oo") 
oO") 


|V (1/Aa(z)) = |(1 — I<?) 26 


and by Theorem 3.23 it is known that 


sup |V (1/An(z))| = 2 
2EQ) 


if and only if Q is convex and that 


a V (1/rAa(2))| > 2 


in all other cases. Accordingly, for all hyperbolic domains 2 and I, 
sup |V (1/Ag(z))| 22, sup |V (1/An(w))| 2 2. 
2602 well 
Moreover, we remark that, for a > 2 and b > 2, one easily gets the identity 
max{F (p,q) | p € [0,4], and q € [0,b]} = a+b, 


since the condition p+ 2q < 4 implies the chain of inequalities 


2 
Pp Pp 

<2 — b. 
Sod, Ty ee 


These together with formula (4.17) imply the assertion of Theorem 4.18. 


2+ 


Using Theorem 3.23 and Theorem 4.18 we obtain 


Corollary 4.19. Suppose that Q and II are hyperbolic domains in C. Then the 
equation C2(Q, II) = 2 ts valid if and only if Q and II are convex domains in C. 


Using formulas (3.6) and (3.42) to compute the above gradients, one easily 
gets the following corollaries of Theorem 4.18. 
Corollary 4.20. Let a € [1,2], and let 9(¢) = (¢+1)%, g(0) =1. If Qa := g(A), 
then C2(Q_q, Qa) = 2a. 

Observe that (Q2,2) is an extremal pair in Theorem 4.10 and compare 
Section 5.5. 


Corollary 4.21. Let A, and Az be annuli with moduli M, and Mo, respectively. 
Then 


Co(Ar, An) = 1 + 4M? + 4/1443. 
Using Theorem 3.12, equation (3.37) and Theorem 4.18 we immediately ob- 
tain the following assertion. 


Corollary 4.22. Suppose that Q and II are hyperbolic domains in C. The constant 
C2(Q, 11) is finite if and only if Q and II both are domains with uniformly perfect 
boundary. 


If coo EN or wo € Il and n > 2, then it is easy to verify that C,(Q, I) = co . 


Chapter 5 


Punishing factors for special 
cases 


After a colloquium talk of the second author on estimates of the form 
(n) n 
PO! < oa mee@" 5 aa,m, 2€2, (5.1) 
TI z 


for simply connected domains Q and II in C, Ch. Pommerenke ([132]) proposed 
to look at (5.1) in the following way. The quotient (Ag(z))”/An(f(z)) reflects the 
influence of the positions of the points z and f(z) in Q and II on the nth derivative 
f(z), whereas the quantities C,,(Q,I) are factors punishing bad behaviour of 
Q or II at the boundary. This motivates the title of the present chapter as well as 
the titles of some our papers. 


5.1 Solution of the Chua conjecture 


In [56] Chua published the following conjecture among others. 


Chua’s conjecture. Let 0 be a conver proper subdomain of C and let f be holomor- 
phic and injective on Q. Then for any z € Q and any n > 2 the inequality 


f(z) 


Fianl| = et D2"" aly” (5.2) 


holds true. 


n [56], Chua settled this conjecture for n = 2,3,4 (see [102] and [103] for 
the cases n = 5,6,7,8). Also, taking the limit z — 1, z € (0,1), in (5.2) for the 
Koebe function shows that the constant (n + 1)2”~? on the right side of (5.2) can 
not be replaced by a smaller one. 


70 Chapter 5. Punishing factors for special cases 


In the paper [24] we proved that for Q convex, II linearly accessible, and 
n > 2, the inequality 


C,(9,T1) < (n+1)2"-? (5.3) 
is valid. The equation 
/ Ao(z) 
z)| = ———, zE 
@l= ey. seo, 


holds for functions f injective on 2. Hence, the inequality (5.3) implies the valid- 
ity of Chua’s conjecture for f that map 9 conformally onto a linearly accessible 
domain I. But, in fact more is true. 


Theorem 5.1 ([25]). Let Q be a convex proper subdomain of C, and II be a simply 
connected proper subdomain of C. Let further n > 2. Then the inequality (5.3) is 
valid. 


Proof. Because of the central formula (4.5), for n > 2 it is evident that (5.3) will 
follow from the inequality 


<(n+1)2"~, (5.4) 


n 
S ChrAn,k 
ke1 


where A,,,, are the coefficients connected with the inverse of a function s € K, 
and c, are described by the condition that the sum of the series 


See” = gi(z), z€A, (5.5) 
k=l 


is subordinate to a member of the family S. 
Because of the Schur-Jabotinsky theorem and the Marx-Strohhacker inequal- 
ity we have to prove that 


oO 


= |Cn + 3 a ( By ) we — j)Cn—7dj-o,0 < (n+ Lo, (5.6) 


j=o 


We may replace the coefficients dj;_¢,, by the coefficients d;_, of a unimodular 
bounded function when we estimate the modulus of the inner sum in (5.6). Using 


(2) Sa meyer, 
o n 
o=1 

it is easily seen that the desired inequality follows from the inequality 


n—-1 


MO -—Neadene|< nae). 


j=o 
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This is a consequence of the following lemma with p= n—o. 


Lemma 5.2. Let - 
@(z) = Se ee 
T=0 


be holomorphic in the unit disc and such that @(A) Cc A and let g; be the function 
defined by the equation (5.5) and subordinate to a function from S. Then for p € IN 


the inequality 
p-l 


S(p— 7) epee 


T=0 


<p (5.7) 


is valid. 
Proof. We shall use Sheil-Small’s theorem 2.9 which says that 


If g, ts subordinated to a function g € S and P is a polynomial of degree < p, then 
for z € A the inequality 


|(P * 91)(2)| < p max{|P(z)], |z| = 1} (5.8) 


is valid. 


To prove (5.7) with the help of (5.8) we consider the polynomial 


P(z)= os d,(p—7)z?~". 
T=0 


Because of the identity 


p-l 


(P*91)(1) = )o(p 7) cpr, 


T=0 
it is sufficient for the proof of (5.7) to show that 
|P (eo) <p, 0€ [0,27]. 


Since the family of functions w is invariant against rotations of the unit disc, 
it remains to prove the inequality 


p-l 


So (p —7)d, 


T=0 


<p. 


This exactly is Fejér’s inequality, used above. This concludes the proof of Lemma 
5.2. 


Theorem 5.1 follows immediately. 
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5.2 Punishing factors for angles 
We again consider the quantities L,(f, 2,0, 1), Mn(z,Q, 0) and C,,(Q, IT) defined 
by 


= (Aa(z))" 
= bn( {2 2.1 Seay EN, f € A(O, 1D), 2 € 2, 


M,(z, 0,11 := sup{Ln(f, z,2, 11) | f € A(O, TD}, 


= [FO 


nt 


and 
Cr(Q, ID) := sup{ Mp (z, , I) | z € OQ}. 


In this section we are concerned with the above quantities where one or both of the 
domains in question belong to the class of angular domains aH, + b with opening 
angle az, 1 < a < 2, which means that there exists a linear transformation 
T(z) =az+b such that aH, + b:= T(Hq), where 


Hise] Jang 2| <<}. 


Theorem 5.3 ([17]). Let 1<a<2,nEN, and z€A. Then 


gn—-k-1 


My(20.A.Ha) = Sat bod! ("E1) (2, A 


k=0 


(5 )-FLle-» 


If we let |zo| — 1, then we immediately obtain the following result. 


where 


Corollary 5.4. Let 1<a<2 andné€N. Then 


n—1 
Cr(A, Ha) = —( Hen ets ). 


a nm 


Proof of Theorem 5.3. The formula (4.3) indicates that we may insert into (4.5) 
for Q = A the identities 


—-1 
Analea)=( Po 5 ar 


Next, we set in Theorem 2.19, 


_ ¢ + 20 
00 =1 ($25), 
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and define the Taylor coefficients d;,(a) by 


1 (3-1) Ew 


Since the coefficients d,(a@) are nonnegative in our cases, we see that in (4.5) we 
may use the inequalities 


lax|AH, (F(20)) S de(a) 
to get 


Mn (20, A, Ha) < a ( ae ) |zo|"~ "dy, (a). (5.9) 
k=1 


It is easily seen that in this inequality the upper bound is attained for zy = ro e”’, 
ro = 0, if we choose f to be given by the identity 


(7 (2) - 160)) an (£0) = aa (F Sy 1). 


It remains to show that the upper bound for M,,(zo, A, Hq.) in (5.9) equals the 
upper bound given in Theorem 5.3. To this end we remark that the left side of the 
inequality (5.9) is the nth Taylor coefficient of the function 


(1+ |zo|z)"-? (/1+2\% 
2a 1-z/) 


Use of the binomial theorem for 
(1+ |zolz)"~* = ((1 + |zol)z + 1 — 2) 


n—-1 


reveals that the said nth Taylor coefficient equals the nth Taylor coefficient of the 
product 


a . n—1 k-1 k-1 n—k-—a 
54 (1 +2) Bi 3) (1 + |zo|)*¥-1(1 — z) , 
Hence, we have to sum up the (n — & + 1)th Taylor coefficients of the functions 


ul -1 - n—k-a 
sete) (Pop) a+ lod! Oe) ea ne eee 


These coefficients may be written in the form 


Cro) (pO hae, Jatin 


q=0 


— cif et a aa = 
eer eee eee 


This proves the result of Theorem 5.3 if we replace k by k — 1 and sum up from 
k=0tok=n-1. 
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Using theorems on inverse coefficients of conformal mappings we generalize 
Corollary 5.4 and Yamashita’s results in [170] (see Theorem 4.9) as follows. 


Theorem 5.5 ([17]). a) Let l1<a,G<2 andneN. Then 


Cy(Hy, Ha) = =" ( ee V 


2a n 


b) Let 1<@8<2,nEN, andII be a convex proper subdomain of C . Then 


C,,(H,, 11) = C, (He, H1). 


c) Let 1<B<2,nEN, and II be a simply connected proper subdomain of C. 
Then 
Cr(Ag, II) < Cr( He, Hp). 


d) Letl1<a<2,nEN, and Q be a simply connected proper subdomain of C. 
Then 
C,(Q, Ho, ) < Cn (Ho, A. ae 


Remark 5.6. For all a, 6 € [1, 2], one has that C,(Hg, Ha) = 1 in accordance with 
the Schwarz-Pick inequality. In the case n > 2, 


nn-l 


Cn(He, Ha) = - [[(¢+ #2). 


k=1 


We see that C2(Hg, Hq) = C2(Ha, Hg) = a+ in accordance with Theorem 4.18, 
and 
Cn(Ha, He) = Cy (Hey Ha) > 2 *, 


whenever n > 3 anda>f>1. 


Proof of Theorem 5.5. a) Firstly, we notice that the nth Taylor coefficient of 
(hig '(w))* is nonnegative, since the Taylor coefficients of hg *(w) are all nonnega- 
tive. This fact and Theorem 2.20 imply that we now may use as an upper bound 
for the quantity |An4(zo)|,1 < & <n, in formula (4.5) this nth Taylor coefficient 
of (hig (w))*. For |a,| we use the same inequality as in the proof of Theorem 5.3. 
To prove that the resulting inequality is sharp and to compute the explicit formula 
given in the assertion, we use the conformal map f.,s defined by 


fa,9(2) = Ga (ha*(2)) , (5.10) 


Go() °= . (44) 1), CEA. 


where 
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One one hand, fo,¢ maps the special angular domain 
1 
Ha = {2 arg (2-35) < oh 
conformally onto the special angular domain 


1 ant 
Ay = — —_ 


such that f.,(0) = 0. Now, we compute F2(0) starting with formula (5.10) in 
the same way as we obtained (4.5). If we use that in our circumstances 


Ax, (0) = Ax, (0) =1, 
we observe that the resulting sum is just the sum that we derived as an upper 


bound in the beginning of this proof. 
On the other hand, a direct computation of fa,¢ shows that 


Hence, 


This proves the assertion in question. 


b) The inequality 
Cp (Hg, ID) < Cr( Hg, M1) 


for a convex domain II follows in our case from Rogosinski’s theorem 4.12 on 
convex subordination according to which we may apply 


\ax|Atr(Z0) < 1 


in (4.5) in a way analogous to that of the proof of the case a). 
The proof of 
C,(Hg, 0) > Cr(Ag, A) 


for a convex domain follows the proof of 
M,(z,A,1) = (1+ [2|)"~? 


for convex II in Chapter 4. Therefore, we only describe the crucial steps here. 
Without loss of generality, we may assume that 


Ay ={w| Jw-1]) <1} CIC H, = {w| Rew > 0}. 
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For the special angular domain Hg chosen as in the proof of the case a) we consider 
the holomorphic functions 


2 
1° 


eS 4 k(1—282)8 


which map Hg conformally onto A, such that f,(0) = 2/(k +1) =: we. We 
compute 
(k +1)? 

4k 


Since the sequences (kf;)ken are uniformly convergent on a neighbourhood of the 
origin we see that 


AH, (0) = 1, vA, (we) = 


Jim kf (0) =2 "4-28 2)-4 = 4(n!)C,(Hg, Hy). 
— 00 z z=0 


The last equation follows from the proof of the case a). Using the comparison 
principle for densities of the Poincaré metric (see Theoren 3.5) as in the proof of 
the corresponding relation in Chapter 4, it is easily seen that 


Gathering together the above relations we get the equation 


f (0)Aa, (we) Am(we) 
n! (Ax,(0))" Aa, (we) 


jim Ln( fr, 0, He, 11) = jim ( = C,,(Hgz, 1), 


which immediately implies the assertion. 


c) In this proof we only have to use again the validity of the Rogosinski or 
generalized Bieberbach conjecture together with the case a) of Theorem 5.5. 


d) Here we use in the application of (4.5) that, according to Lowner’s Theo- 
rem 2.13, the Taylor coefficients of the inverses of schlicht functions and their kth 
powers, & € IN, are dominated by the related (positive) coefficients of the inverse of 
the Koebe function z/(1+2z)? and its kth powers. This results in the assertion. 


In our next result we are concerned with proper subdomains (2 of C simply 
connected with respect to C and holomorphic functions f :Q— H,. 

In the sequel we use the quantity p € (0,1] such that p := p(zo) = 
tanh De(z0, 00). By definition, p = 1, if «0 ¢. 


The following theorem forms a bridge between the results for I] convex and 
II simply connected with respect to C. 
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Theorem 5.7 ([17]). Let Q be as above, z € X\{oo}, 1<a <2, andn > 2. Then 
for any holomorphic function f :Q— Ha, the inequality 


ston < ety Dyan (ak) CE) (oto gey 42) 


is valid. For each n > 2, each a € [1,2], and each p € (0, 1] there exist 0, Ha, 20 € 
Q\ {co}, and f as above such that equality is attained in the above inequality. 


Proof. We again start with the central equality (4.5). Let 


p= p(Zo); a=pt = Kip(C) = ¢ 


PI A, 
P (1 +p¢)(1 + §) ° 


and K, the function inverse to Kp, having an expansion 


zj=2t > Byz” 
v=2 


valid in some neighbourhood of the origin. Considering the class S, of functions 
meromorphic and univalent in A which have a pole in a point b, |b| = p, and an 
expansion 
= C+ SACs. Xo 
v=2 
Baernstein and Schober showed in [33] (see Theorem 2.15) that 


|A,| < BL, v> 2. 


This implies that the nth Taylor coefficients of the kth powers of m € S, are 
dominated by the nth Taylor coefficients B,,, of the kth powers of the function 
K,. By a procedure analogous to that, which led us to formula (4.5), we get in 
our case for the meromorphic functions f in question the inequality 


aC) OAa( re 7 Pe (5.11) 


n! a =e i f(Z0)) 


To show that this inequality is sharp and that the right-hand side has the form 
given in the assertion, we proceed in principle as in the proof of the case a) of 
Theorem 5.5. To this end we consider in the present case the function 


fa,.p(2) = Ja(Kp(z)) 
which maps the domain 


N = C\ [(a+2)*, (a- 2)" 
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conformally onto the special angular domain H, chosen as in the proof . We see 
that in this case fo,,(0) = 0 and Az, (0) = Ag, (0) = 1 and we deduce the sharpness 


of (5.11) considering Ff? (0) as above. To get the explicit form of the upper bound 
we consider 


z' 1—(a—2)z\? a 7 
faxl2) = 3, (e) ) es 


This implies 


(: + S- 4(a + ate =1+2a oS Cr(a, p)z”. 


k=1 n=1 


With the abbreviation Z := z(a + 2) this is equivalent to the equation 


+ CE) Ga) GS) ae 


If we then expand Z*/(1 — Z)* in powers of Z and compare the coefficients on 
both sides of this equation, we then establish the assertion of Theorem 5.7 on the 
sharpness of the punishing factor. 


ANIL 


5.3 Sharp lower bounds for punishing factors 


We shall consider domains with a special local property at a boundary point, which 
will be a metrical characterization of the “bad” behavior of the boundary. 


Let 2 be a domain in C. We denote 
aQ+b:={z=ao+b| CEQ}, a, bEC, aF0, 


1 1 

—— =- Q>. 

wa {em glean 
For a € [1,2] we define 


Ag = {2 = (C+ 1/2)* | |¢] < 1/2}, 
Ap := [1,0] 


and 


and 


_ w en 2-a 
= =S >— — = —$= < 
Aba {z w+ 1 | WwW (; zi ) ) I¢| = 1} for a € (1,2), 


where the branch of a power is fixed by 1° = 1. Observe that z = 0 is a boundary 
point for all sets AY and A3_,. 
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Definition 5.8. Let 2 be a domain in C, let a € [1,2], and let zo € (0) \ {oo}. If 
there exist ¢ > 0 and ¢ € R such that 


cetAt+29C9 and ce*Az,t2ce\Q, (5.12) 


then we say that zp is an angular point on O° of order a. 
Clearly, the condition (5.12) is equivalent to the inclusions 


és ee eit enit 
AY caQ+bCC\AZ_., a at b= —Z0 


I 


We extend this definition to the boundary point at infinity. 


Definition 5.9. Let a € [1,2] and let Q be a domain in C such that oo € OO. If 
there exist complex numbers a # 0 and b such that 


1 — 

Ae C\ AS 
a Cc aQ ae b Cc \ 2-—a@)? 
then we say that the point at infinity is an angular point on OC of order a. 


According to Definitions 5.8 and 5.9 the domain 
Ay := {z € C| jargz| < =} 


has two boundary angular points of order a that are zo = 0 and the point at 
infinity. A non-trivial example is 


O = Hy\ (J Dx, 
k=1 


where 
De= (J {2€C| |z-1/k—-it| < (6+ 2k)-7}. 


0<t<oo 


It is easy to verify that 
1 


OQ, <1 


Clearly, z9 = oo is an angular point on OQ, of order 1. 


Ate COAT 


Theorem 5.10. Let and II be domains in C. If there exist boundary points such 
that zg € C is an angular point on OQ. of order a € [1,2] and wo € C is an angular 
point on OI of order 3 € [1,2], then for anyneéN, 


a)” B n— 
Cn(T) > Oy (Hay Hy) = FEF (a tr— 8). (5.13) 
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Proof. First we consider the case when z 4 oo and wo # oo. Because of the 
invariance of the punishing factor under linear transformations of domains, we 
can suppose that 


By COCC Ae, AG CIE CN Ae a: (5.14) 


Using the conformal mappings g, : A — AZ and g. : Hy, — €\ AZ, 
explicitly given by functions 


n= (432). w= 7S 


and the conformal invariance of the Poincaré metric, we easily obtain that 


1 1 
Ant (x) = 2ax(1 a gif/a)? NG\az_, ©) 7 2ax(1 + x) 


for any « = Rez € (0,1) and any a € [1,2]. These equations together with (5.14) 
and the comparison theorem give 
1 1 
= ———_; r — 
2ax + (x) n(2) 26x + o(2x) 


AQ (x) as x Or (5.15) 


For any c € (0,00), the function f, defined by 
BB 1 l/a 
fe(z) < end @) B? y(z) = (1 a ) ’ 
(1 + ep(z)) z 
z€C\Az,, v(l) := 21/2, 


is a conformal map of C \ A3_,, onto At. According to inclusions (5.14) we have 
that f. € A(Q,II) for any positive value of c. By the Leibniz formula, one gets 


FO? (a) 5 n dé yP(a) d?—*(1 + ep(a))~? 


eo k dak qn—k 


k=0 
_ dF (a) 
dan 


Using this, the formulas from (5.15) and the definition of C,,(Q, I) we obtain 
Cy, (Q, TD) 


(1+ O(c)) as ec 0. 


~ 20+ c0 (Ag(a))” n! 
, . (2ax)"c% | dy? (x) (2a)” .. +6/ d”(a—8/ (a) 
a = l n Cb [NA 
a an 28 f(a) n! da” 26n! air da” 
Qa)" (2p 
= a = © (Has Ha). 
3B . Cn( ) 


5.3. Sharp lower bounds for punishing factors 81 


This completes the proof of the desired inequality (5.13) in the case zp € € and, 
wo € C. 

Now, we consider the case (zo, Wo) = (00, 00). Without loss of generality we 
may suppose that 


LS = La oe = 
ALC Gg CO\ Ara Ag CAC O\AD » 


or, equivalently, 


1 1 
Nad Oe =H, —-1, 


1 
CIC HAg-1. 
Ag CV ARs i E 


As 


As members of A(Q,II) we choose conformal mappings ge : Hy —1— 1 /Ag 
defined by 
1 (1+ ¢(1+2)1/2)8 
eye = ; 0, +00). 

oe Fay ai ae 7 
For any domain D it is evident that Ay/p(1/z) = Ap(z)|z|?. Using this at z= x € 
(1, +00), the known formulas from the first part of this proof, and the comparison 
theorem, one easily gets 


1 
Ag(x) = aaa) as © — +00 
and ; 
_ + 
An(9e(®) = paeaTe-B yt oew) OO 
Since 
(n) n —B/a —1)r B 
ge (t) 1 d™(1+2) 2 Bin-1 
ni Bn! dx” (te Ole)) = of n ene) 


we immediately obtain 


— An(ge(x)) |gf”(2)| 
> 
CO Me Ne gael 


= C,(Ho, Ha). 


If z9 € C, wo = oo, we consider the pair of angular points (29, wo) = (0, 00) 
and domains such that 
= 1 
AVE OE OVA. — cCUcH,g-1. 


2-—a@? n 
A; 


To obtain the lower estimate for the punishing factor, we proceed as in the 
case (20, wo) = (0,0), choosing as members of A(Q, II) the conformal mappings 
1 
Papen 
+ 
A; 


Fag 0,00)2 © Ase 
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defined by equations 


fel230,00) = 1/fol—2 1) =e? (e+ (1+ 1/a)-¥")" 


Using the properties 
1 1 


= + = ‘ 
Anke) = 2az + o(x)’ Belt, Ane) 26x + o(x) sa me 
one easily obtains 
. D) (9. 
ee a) ECA eee es 


a—0t c30+ (Ag(a))” n! 


If zo = 00, wo € C, then the proof is similar. We consider the pair (zo, wo) = 
(co, 0), domains with the property 


= 1 
+ tte 
A, CUCC\AZ gz, Pre eee ae 


and the functions defined by 
cf (1+ 1/z)-4/ 
(1+ c(1+1/z)-Me)? 


fe(2; 00,0) = fe(—z -1) = 
Now, it is easy to verify that 


= C,(Ho, Ha). 


. (nr) (... 
Lr +00 ce 0+ (Ag (x))” n! 


This completes the proof of Theorem 5.10. 


Combining the case a = @ = 2 of this theorem with the known upper estimate 
for simply connected domains, one obtains 


Corollary 5.11. Let n € IN and let Q and II be simply connected domains in C 
such that there is an angular point of order 2 on each of the two boundaries 0Q 
and OU. Then 

City =A", 


Combining the case @ = 1, n = 2 of Theorem 5.10 with Theorem 4.18 gives 


Corollary 5.12. Let Q be a domain in C such that OQ contains an angular point 
of order a € [1,2]. Then 
sup |V(1/Aa(z))| > 2a. 
zEQ. 
Our next aim is to examine the majorant in the Landau inequality. The 
following theorem shows that equality M,,(z, A, II) = (n + |z|)(1 + |z|)"~? occurs 
not only for the Koebe domain Hz — 1/4 and its linear transformations. 
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Theorem 5.13. Let n € IN and let II be a simply connected domain in C such that 
there is an angular point wo on OIL of order 2. Then, for any z € A, 


M,,(z,A,11) = (n+ |2|)(1 + lal)". 
Proof. Clearly, 
M,(z, A, 1) _ M, (|z|, 4, TD). 


Hence, it is sufficient to consider the real values of z lying in [0,1) and to prove 
that 
M,,(|2|, 4,1) > Mn(lz|, A, He) = (n + |z[)(1 + |2|)"?. 


Also, we have to distinguish the cases of wo € C and wo = oo. Suppose first 
that wo 4 co. Without loss of generality, one can take wo = 0 and a domain II 
satisfying 

AP CMe CUA, | 


For 7 € (1, +00) we consider the conformal mappings y, : A > At CII given by 


eol2) = (y= 1)? (is 


yz 
One has ( ( 142( ) 
n yA n+1+2(z2-¥ 
and 
eee BAY dads SHCS : Sar 
— = = 7 
A(z T= a2” Zz ; n n(x ia ola)’ Sx 


Consequently, for any x = |z| € [0, 1), 


M,(z,A,11) > lim An(yy(a)) ef? @)| 
yor (Aa(z))” on! 
— im GaP = 2)" le @| 
yoir A(y — 1)2(1 A x)? a) 


= (1+2)"""(n+2). 


This completes the proof for wo 4 oo. 
Now, let wo = oo. Without loss of generality we can suppose that 


1 
22 ene seals 
At 3 


As members of A(A, II) we take functions g, defined by 
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for any y € (1,00). One easily obtains the desired inequality using 


(n) 
; A4(n + 2) 
fan (yO | 
fered ) ni (1 — a)rt2 


The proof of Theorem 5.13 is complete. 


One may generalize the proof of Theorem 5.13 in the following way. If OII 
contains an angular point zo = 0 (or zo = oo) of order a € [1,2], then one can 
consider functions defined by 


erale) =(y- 09 (ZS2) (or gale) = 0-29 (72) ) 


as members of A(A, II) for any y € (1, 00). Since 


Feo), Wa@l __@ (142\" egy) 
qoit (y- 1% yoit (y—-1)-* da a 


one easily gets 


Mn (#,A,T1) > 


(l+a)"-*(1—a2)"t®* d /l+a 

2an! da™ 
This consideration leads to the following theorem. 
Theorem 5.14. Let n € IN and let z € A. Suppose that II is a domain in C such 
that OIL contains an angular point of order a € [1,2]. Then 


M,(z, A, II) ae M,(z, A, Ha). 


5.4 Domains in the extended complex plane 


Let 2 be a hyperbolic simply connected domain in the extended complex plane 
C = CU {oo}. We consider the set A(Q,I1) of f : Q — II, where II is likewise a 
hyperbolic simply connected domain in C. Let Ag and Aq be the densities of the 
Poincaré metric in Q and II with the Gaussian curvature kK = —4. In the sequel 
we use the quantities p € (0,1] and q € (0,1] such that Da(0,p) and Da(0,q) 
equal Do(z9, 00) and Dr (f(z), co), respectively. As above, by definition, 


p:= p(zo) = tanh De(z0,00), g:= q(f(z0)) = tanh Dn(f(Z0), 0). (5.16) 


Theorem 5.15 ((19]). Suppose that 2 and II are two hyperbolic simply connected 
proper subdomains of C, K = —4. For any f € A(Q,ID) the inequality 


(Aa(Zo))” 
An(f(20)) 


Lise as 1 yes 
SF (20)| («+ +p4 ) 
: qd Pp 


(5.17) 


5.4. Domains in the extended complex plane 85 


holds for any n > 2 and at any point z € Q. For each n > 2, each p € (0,1), 
and each q € (0, 1] there exist Qo, Ho, 20 € Qo \ {oo} and fo € A(Qo, Ho) such that 
equality in (5.17) holds for them with p = p(zo0) and q = q(f(Z0)). 


Proof. For fixed z9 € 2Q\ {oo} we consider the conformal map Vo of 2 onto A with 
Vo(zo) = 0 and VO(z0) = Aa(Z0) > 0. Obviously, this function has an expansion 


Voa(z) = Aa(Zo) (- — %Z + we Ax (z _ =) ; (5.18) 
k=2 

valid in some neighbourhood of the point zp. Let b = Vg(co) € A. Because of 

the conformal invariance of the hyperbolic distance, Da(0,b) equals De(zo, 00). 

According to (5.16) we obtain |b| = p = p(zo). Let the function 


¢ 
(0) = ar (eA, (5.19) 
(Labng) (1 - ‘) 
which is univalent in A, have an inverse function K = «7! defined on K(A). 


Obviously co € K(A) and 0 € «(A). Using the expansion 


co 
z)= zt+>> Bz, 
k=2 


valid in some neighbourhood of the origin, Baernstein and Schober (see Chapter 
2, Theorem 2.15) showed that 


|Ax] < Be, kEIN\ {1}. (5.20) 
Consider now for each f € A(Q,II) the function 
96) = F(®ald)) = doaec’, CEA, (5.21) 
where ®po is inverse to Vg. It is known by formula (4.5) that 
1 f(z) a ie 
ORCA = 2 Anal 20,0) ax, (5.22) 


where 


(5.23) 


Z=Z0 

The formulas (5.18) and (5.23) imply that A, (20, Q)=1 and that the A, x(zo, 9), 
k =1,...,n, are polynomials with positive coefficients in A;,..., An—1. Hence, we 
get as a consequence of this fact and of the formulas (5.18)—(5.23) the inequalities 


[An a(0,) < tae = ((K(@)))™ 


nl 


(5.24) 


z=0 
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Thus, 
1 Cay 
i ee ale” = <3 tna lal, (5.25) 


ni 


where the positive quantities t,, may be Tue according to the formulas 
(5.19), (5.24), and the Cauchy formula, as 


1 Oa ee arc a Nien a Sy 
au . (r—kt1 dC, 


Sa 


nk = 


1 
a= pe r€(0,1). (5.26) 


Let g = tanh Dy(f (zo), 00) € (0, 1]. We need the expansion 


( 
(1—a¢) (1-§ 


It is known that (see Chapter 2) 


=C+Sven(ge*, |el<¢. 


The properties 


—— >0, k=1,...,n—-1, (5.27) 
and 


n 1 n-1 1 
See (q) tnik a (o+0+ ~) , @=-—+p, (5.28) 
k=1 q v 


of the quantities t,,, will be proved below. Let us suppose for the moment that 
they are true. Applying the Cauchy inequality to (5.25) we get 


sta (Ea) (e) om 


k=1 


Let ®q be the conformal map of A onto I with 6q(0) = ap = f(z) and ®},(0) = 
(An(f(20)))~! > 0. The function g defined in (5.21) is subordinate to the univalent 
function 


On(¢) = ao + An(f (20 wr (+See). 


The starting point for the rest of the proof is Theorem 2.5 which is a generalized 
version of the Rogosinski-Goluzin theorem. 


The second ingredient at this point is Jenkins’ theorem 2.7. We easily get 
n 


mM at ‘loa? < So aeslel < D2 ex (0) tn.k: (5.30) 


= k=1 
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From (5.28), (5.29) and (5.30) we obtain the desired inequality (5.17). 
To complete the proof of (5.17) we have to prove (5.27) and (5.28). An 
immediate consequence of (5.26) for r € (0,q) is 


” a 2\n—-1 fe n 
fe k=1 
1 


= I(¢) d¢ = Res(I(¢),¢ = 0) 


ami Nicar 
= —Res(I(6),¢ = 4) ~ Res(I(6,6 = 2) ~ Res( (0), = 00), 
where 
GO)... (erage a 
(@-9 (2-4) cn 


We observe that Res(I(¢),¢ = 0) = Res(I(¢),¢ = oo) and Res(I(¢),¢ = ¢q) = 


Res(I(¢),¢ = ak Therefore 


y= 


Dela) fan = —Res(1(0)6 =) = (« +i4 «) i 


To prove (5.27) we consider the polynomial 


2n 
Pa(Q) = (1+ a +¢7)” = > bme™, (5.31) 
m=0 


where, as before, a = p+1/p > 2. The identity 


P(g) == et _ CNP iC) as C Pai) Pi(¢) 


implies 

¢ 
- £P'(9) =(1- Pal. 
Using (5.26) we identify ty, as the coefficient of ¢"~* in the polynomial on the 
right side of this equation. On the other hand, (5.31) shows that b,_, — 2 Eb, i 
is the coefficient of ¢”~* in the polynomial on the left side. Therefore, we obtain 


Pr(G) 


t 
n = bap, k=1,...,n. 


k 
This implies that the inequalities 


tnk > tn k+1 


ET PO Rabel, (5.32) 
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are equivalent to 
1D) SS by Sto S Dy as 


which may be proved by mathematical induction on n considering the coefficients 
of the polynomials (1 — ¢) P,,(¢). Moreover, (5.32) implies the desired inequalities 
(5.27) because of the simple relations 


Cr+1(q) ss k +1 


prey eg 
ce(q) ik 


y--- 2-1. 


Now, it remains to prove that (5.17) is sharp. To this end we consider the 
following example. For any n € IN and any a= p+1/p > 2, let 


Qo = 6 \ [(a+ 2)! (a — 2)-4, 


fol2) = 2 
sae een 
and 
To = fo(Qo). 


It is an easy task to derive that Ae, (0) = An, (0) = 1, that tanh Dg, (0,00) equals 
p, tanh Dy, (0,00) equals g and that 


(n) n-1 
0 i 1 
A) (p4 ra+*) 


This completes the proof of Theorem 5.15. 


Consider now an improvement of (5.17) for convex domains. 


If the domain II is convex, then the coefficients az, k € IN, of the functions g 
defined in (5.21) satisfy the inequalities of Rogosinski (see Theorem 4.12) 


An(ao) |ax| < 1, keN. (5.33) 


Therefore (5.25) and (5.33) imply 


= |r Gah2 ean z0)) = 7 (5.34) 


where we used the same definitions as in the proof of Theorem 5.15. A straight- 
forward computation using (5.26) shows that 


-1 


n 1 T 1 n 
S- (ie - | (v+ = +2 cosa) (1+ cos @)d0 =: C,(p), (5.35) 
k=1 0 
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if co € Q and therefore p € (0,1), respectively 


Yo tas =("", ant if (5.36) 


if co ¢ Q. The formulas (5.34), (5.35) and (5.36) immediately yield 


Theorem 5.16 ([19]). Suppose that Q is a hyperbolic simply connected proper sub- 
domain of C and that II is a conver proper subdomain of C, kK = —4. Then the 
following estimates are valid: 

If co € Q, then for any f € A(Q, TD and any z € QD with hyperbolic distance 
Do(z,00) = Arctanh p, the inequality 


a(z))" 


1 pny, 2 
SIF 2)| < Calo) SA 


(5.37) 


holds for anyné€ N. 


Remark 5.17. The sharpness of (5.37) can be shown using Q0, Hi and the function 
fi defined by 


1+ K(z) 1-—(a-2)z 
2 = Sg | 5.38 
A = Tee 1—(a+2)z eo) 
Indeed, the function f; maps Qo conformally onto the half plane Aj, 
K(0) =0 and Ag, (0) = An, (1/2) = 1. Now, we compare two expansions 
fle) = 4+ D(K yt = 24+ oye" (5.39) 
2 k=1 2 n=1 . 


which are valid in some neighbourhood of the origin. The formulas (5.38), (5.39), 
and (5.24) immediately yield 


dn = + So (Kz = ee) (5.40) 
* k=1 k=1 
Thus, 
1 = ) ao (0 ))" 
af [00] = Cul) Te opy 


Moreover, using (5.39), (5.40) and the Taylor series of (f1)? in some neighbourhood 
of the origin, we get 


2 
1 = k ly ~ as ee 
(Frew) =F tas) 
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which implies 


1 
Ci(p)=1, Co(p) Sere ee and 
1 n-1 n—-2 
Cr(p) = (o+= +2) _ S> C(P)Cn—x(p), n> 3. 
k=1 


These formulas show the difference between the bounds in (5.17) and (5.37). 


Remark 5.18. It may be worthwhile to notice that the direct determination of 
the integral (5.35) and the computation of the Taylor coefficients of the function 
(5.38) with the help of binomial series can be exploited to prove relations between 
binomial coefficients that seem to be not known. We were not able to find another 
method to prove these identities than the geometrical method above. For the 
convenience of the interested reader we mention such a formula. For m = 0,...,n— 
1, n € IN, one may get in this way the identities 


a(n) Ct) 
ECE) )(BorG ) (0's )) 


where j varies in the second sum in the range determined by the binomial coeffi- 
cients. 


5.5 Maps from convex into concave domains 


We shall consider the case when oo € II and the punishing factor is a function of the 
hyperbolic distance between f(z) and oo. Moreover, we suppose that TI = C\ Ih, 
where IT; is a compact convex subset of C containing more than one point. Domains 
II of this type will be called concave domains. 

In the sequel we use the quantity p € (0,1) such that 


| eee oe 
Da(0,p) = 3 log — 
—?p 
equals Dy(f (zo), 00). This means that 
p = p(f(20)) = tanh Dn(f(z0), 00), (5.41) 


where, as usual, tanh x = (e* — e~*)/(e* +e7*). 


A central part in the proofs is played by functions h satisfying the following 
conditions: 
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(i) The function h is meromorphic and injective on A and h has its pole at a 
point p € (0,1). 


(ii) The set C \ h(A) is convex. 

(iii) h(0) = h’(0) -1=0. 
We called functions with the properties (i)—(iii) concave univalent functions with 
pole p and for the family of those functions we used the abbreviation Co(p). For 
older results on such functions compare [123], [117] and [108] and for newer ones 
[30], [81], [15], [20], [23],[166] and [167]. 
Theorem 5.19 ([28]). Let II be a concave domain. Then for alln € WN, f € A(A,ID), 
zo € A, f(z) finite, and p as in (5.41) the inequalities 


|f™ (z0)| (1 — |20|?)” 1 al ae ee 
a Raion Lae ((\s | -) P (|20| + P) (5.42) 


are valid. Equality in (5.42) is attained if zo =r € (0,1), and f= EoT, 


z aoe 


and T(z 
T= — 2/0) " 
These functions f are conformal maps of A onto the domain 
ral —P —P 
Cc : : 
\ ae aa 


Corollary 5.20 (compare [31]). Let IL be a concave domain. Then for all n > 2, 
f € A(A,ID, zo € A, f(z) finite, and p as in (5.41) the inequalities 


E(z) = zeEA. 


l-— zr’ 


LF (z0) = [aol2” tp)? A 
a Ralfleo)) pet De? ey 


are valid. The constant on the right side cannot be replaced by a smaller one 
independent of I, f, 20, and f(z0). 


Proof of Theorem 5.19. We consider the function g € A(A,II) defined by 


a(¢) = (4). nek 


Since f(z) is finite, the function g has a Taylor expansion 


9(6) = f(z0) + So anc 


k=1 


valid on some neighbourhood of the origin. It is clear that, under our circum- 
stances, we may also use the identity (4.3), which has been proved for functions 
holomorphic in the unit disc. 
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On the other hand, we use that g(0) = f(zo) and g(A) C II. If we let, for 
this proof, ® := ®y ¢(z,) be defined as above, we see that there exists a function 
w, : A — A holomorphic on A such that 


(6) = O(Cai(G)), CEA. (5.44) 


Further, we conclude from the definition p = tanh Dy(f (zo), co) that there exists 
y € [0,27] such that ®(pe’”) = oo. Now, we consider the function h defined on A 
by 

e 


A(¢) = Rafa) 2") =f (2o));. Gees (5.45) 


This function h belongs to the class Co(p) and from (5.44) and (5.45) we see that 
there exists a function h € Co(p) and a function w = e~*?w, : A > A such that 


9(6) = e'Ph(Gw(¢)) Rn(f(20)) + f(zo), CEA. (5.46) 


In Theorem 8.4 below (compare [26]) we will consider h € Co(p),w as above such 
that the Taylor expansion 


h(gw(¢)) = So anc* (5.47) 
k=1 


is valid on some neighbourhood of the origin. We will prove there that for k € IN 
the inequalities 


1 ea J 1 2,,k—-1 
< = ~ 5.48 
jan < qa = poe (ge - (5.48) 
are valid. After these preparations (5.42) is an immediate consequence of (4.3), 
(5.46), (5.47), and (5.48). 

The second assertion of Theorem 5.19 becomes clear from the above proof 
and the expansion 


This concludes the proof of Theorem 5.19. 


Theorem 5.21 ([28]). Let Q C C be a convex proper subdomain of C. Let further 
II be a concave subdomain of C and f : Q— IL be meromorphic on Q. Then for 
alln > 2, 2 €Q, and f(z) finite, and p as in (5.41) the inequalities 


(5.49) 


If™(z0)| (Ra(zo))” ~ +p)" 7? Oy 
nl Ru(f(0)) = prt 2? 
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are valid. Equality in (5.49) is attained for 


Q = {z|Rez < 1/2} and Il= e\ (= p)2’ (1+ p)2 


zo = f(zo) = 90, where the function 


7 Zz _ z(1 — 2) 
f(z) =f (; =) = (1 2(1 | p))(1 2(1 p)/D) 


maps Q onto II conformally. 


Proof. Let n > 2. According to the central formula (4.5) we have to prove that 


3 CKAn, k 


where cy, are the Taylor coefficients of a function h € Co(p), and, as usual, Ay, 
is the n-th coefficient in the Taylor expansion of F'* for the function F inverse to 
an arbitrary function s € K. Because of the Schur-Jabotinsky theorem (compare 
the proof of Theorem 4.15), we have to prove that 


guia opt, 


a. 
P k=0 


n-1 n 

n—l 1+ p)"-? 
eS ae ag ey (5.50) 
1=0 P k=0 


Using the Marx-Strohhacker inequality as above, we get the following formula for 
the sum appearing in (5.50): 


n-1 n-1 n-1 
n—l 1lf/n ; 
D A nad Ain = Cn + 2d ms ( Ze )Xe — j)€n—7dj~0,0- (5.51) 


Now it is easily verified that it is sufficient to obtain the inequality 


n-1 
’ (n—o)(1—p*—?)) 
N— J)Cn—j;dj_g| < , 
Zul Dine sdi-ol Spread =) 


where d;_, are the coefficients of a unimodular bounded holomorphic function in 
the unit disc as in the proof of Theorem 4.15. The latter inequality is equivalent 


to 
q-1 


d(4 — 7) Cq—rdr| < a (5.52) 


As is proved in [20] and [167], for any h € Co(p) there exists a function 
v, : A = A such that 


h(z) = a (1 ! aire) zed. 
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Using this and the generalized version of Sheill-Small’s Lemma 2.10 (see Remark 
2.12) in the limiting case r — 1 , ie., the inequality 


q-1 Af? q-1 
|P *h(e"*)| < ea |P(z)| (S mn?) S if] 
k=0 k=0 


for the polynomial 


1/2 


q-1 


P(z)= De d,(q—7T)z" 7 


T=0 
and the functions defined by 


wi(z) =w(z), i=1,2,3, zeEA, 


and 


we obtain the inequality 


gt aa 1/2 gai 1/2 
S(4— 7) cq—-rdre\- 7") < max |P(z)| ( r*) ( if] , 
T=0 a k=0 k=0 


To estimate the last factor of the right side in this inequality we use that the 
function V(z) — 1 is quasi-subordinated to the function pz/(1 — zp). According to 
Theorem 2.4 we get 


q—-1 q-1 

5a vx? < pk 

k=0 k=0 

Hence, 
act eA 1/2 pq4 1/2 
Sq — 7) Cqg-rd7| < max |P(z)| ( r*) ( “*) 
T=0 = k=0 k=0 
1 24 
= max |P(z)| ">. 
|z|=1 pL) 


Fejér’s inequality (see [61] and [159] or apply the theory of linear functionals on 
H@ in chapter 8 of [59]) 


shows that 
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This concludes the proof of the desired inequality. 
The extremal property of the function f mentioned in the second assertion 

of Theorem 5.21 follows directly from the computation of the Taylor coefficients 

of its expansion with expansion point at the origin. 
The proof of Theorem 5.21 is complete. 


Chapter 6 


Multiply connected domains 


In the preceding chapters we considered punishing factors for simply connected 
domains, except the case C2(,H). Namely, in Section 4.6 it was proved that for 
all hyperbolic domains 2 Cc C and II c C, 


C2(0,T1) = Ca(t1,9) = 5 (sup IV (/Aal2))| + sup [VG/An(e))| ). 


In particular, it was proved that 


Co(Ay, An) = /1+ 4M? + 4/1 + 43, 


where A, and Ag are annuli with moduli M, and Mg, respectively. 

The main aim of this chapter is to describe multiply connected domains by 
properties that guarantee existence of finite punishing factors for all n. Also we 
will define finite modified punishing factors and consider some examples. 


6.1 Finitely connected domains 
The theorems of Chapters 4 and 5 show that one cannot expect that 
Cr(Q, TD := sup{M,(z, 9, ID) | z € OF (6.1) 


is always finite. The central existence theorem for finitely connected domains is 
the following assertion. 


Theorem 6.1 ([21]). Let Q and IL be finitely connected hyperbolic domains in C. 
Then the punishing factors C,(Q, ID) are finite for all n € IN if and only if both 
OQ and OI do not contain isolated points. 
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Firstly, we prove some necessary lemmas and propositions. We shall use the 
hyperbolic radius R(z, I) which is reciprocal to the density of hyperbolic metric 
with Gaussian curvature kK = —4. 

Let I be an m-connected hyperbolic domain in © where m > 2, i.e., OH con- 
sists of m disjoint connected sets [,, k = 1,...,m. We shall consider m associated 
simply connected domains II, C C, k = 1,...,m, defined by the relations 


OU, =T, and IicIlkk, k= 13 0m: 


It is clear that Tj C I, for 7 A k and that 


Il = a II. 
k=1 


Naturally, the connected sets [, are either points or continua. It is decisive for 
our proofs that the behaviour of the hyperbolic radius of II and I]; is the same at 
the common boundary. If I’, is a point, this is known (see [3] and [55]). We will 
use the formula for this case later on (compare (6.7) and 6.8)). In the case that 
T;, is a continuum, this is the content of the following lemma. 


Lemma 6.2. Let Il and Il, be as above. If Ty, = Ol, is not a point, then for 
zo E Tx, 
R(z,T 
tifa, (6.2) 
220, 2EH R(z, Ik) 

Proof. Since T;, is a continuum, TH; is a simply connected domain in C. Riemann’s 
mapping theorem implies that there exists a conformal map ® of A onto II,. The 
inverse function ®~' maps II onto a set ®~1(I) C A. For all sufficiently small 
positive numbers « the relations 


De) := {w | eo" < [wl <1} c@ MCA 
are valid. According to Theorem 3.5 they imply 
R(w, D(e)) < R(w, ®7'(T1)) < R(w, A), w € D(e). (6.3) 
Combining (6.3) and the conformal invariance of the hyperbolic metric, 


dz] |dw| aa ldz| [dw 
R(z, II) - R(w, ®-1(I))’ R(z, Tk) - R(w, A)’ 


we get, for any w = ®-1(z) € De), 


R(z,T) — R(w,@-1(1)) — Rw, D(o) 
~ R(z,Ik) R(w,A) 2 R(w, A) | (6.4) 


The use of 


1 1 
R(w,A)=1-|wl? and R(w, D(e)) = 2€|w| sin (Fos =i) 
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and (6.4) yields 


: R(w, ®-*(I1)) <5 ads R(w, Dle)) 
jolt RQw,A) et 1 [wR “ 


Since |®~1(z)| — 1~ as z — 2, the assertion (6.2) of Lemma 6.2 follows from 
(6.4) and (6.5). 


The second preparation for the proof of Theorem 6.1 is concerned with the 
Taylor coefficients a,(f) of the local expansion 


2 =o ante 
n=0 


for a function f € A(A, I) that is holomorphic at the origin. We wish to describe 
now all finitely connected hyperbolic domains for which the quantities 


mp lent 
oe Per R(ao(f), H) 


are finite for all n € IN. One might expect that boundedness of II is the decisive 
condition, but the proof of the following proposition reveals that this is not the 
case. 


Lemma 6.3. Let II be a finitely connected hyperbolic domain in C. Then the fol- 
lowing statements are equivalent. 


(a) OI does not contain isolated points. 
(b) A,,(II) is finite for anyn é€ WN. 
(c) C,(A, I) is finite for anyn EN. 

) 


(d) There exists a constant Ky such that, for all w € II, 


dist(w, OI) < R(w, I) < Kn dist(w, OI). 


Proof. If II is a simply connected domain, then Lemma 6.3 is a consequence of 
known facts (see [55]). 

It is also known that (a)(d) is valid (see [130] and [77]). 

Suppose now that II is m-connected with m > 2. We will prove that (a) > 
(b) = (c) > (d) = (a). 

(a)=(b). The condition (a) means that the associated domains II,, k = 
1,...,m, are hyperbolic. Since II C C, we may suppose, without loss of generality, 
that 

I,cC, and wel, CC, k=2,...,m. 
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Since f € A(A, TI) c A(A,II,,), we can apply theorems of Chapter 5 to get 
A, (II) < sup{A(w,n) | w € TI}, 


where n € IN and 
min{o;,(w) R(w, Tz) 


A(w,n) = (6.6) 


with o,(w) =n and 
o.(w) = 4"—*(1 — exp(—46,(w)))?”, k=2,...,m. 


In the latter formula the quantity 6,(w) = 46(w,oo,H,) means the hyperbolic 
distance from w to oo in the domain IIx. 

The function A(-,n) is positive and continuous on II, since hyperbolic radii 
and the functions o, are positive and real-analytic functions on II. 

Suppose that A,,(II) = oo for one number n € IN. Then there exists a sequence 
of points w; € II,7 € IN, such that 


w; > wo € OI, and A(wj,n)—-0co as joo. 
But this is impossible. Actually, if wo € OII,, then 


;, U1 
lim A(w;,n) <n lim Eiht ME) =n 
je PE, R(w;,1) 


according to (6.6) and Lemma 6.2. If wo € OI, for some k € {2,...,m}, then 


Fim, A(wj,m) <4 Him (1 — exp(—45e(w)))™ Per = 


according to (6.6), Lemma 6.2 and the equation 


lim 6;(w) = 6(w, co, IIx) = cw. 


w—wo 


Thus, our assumption leads to a contradiction and therefore (b) holds. 
(b)=(c). Let f € A(A, ID). Then, for any fixed z € A, the function 


pdm oO)=F(225), 


also belongs to A(A, II). Using the formula (4.3) 
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and the equation f(z) = ao(g), we obtain 


C,,(A, TM) < 2"~1 max A;,(II). 
1<k<n 
This implies the desired implication. 
(c)=(d). Let @ := ®q be a covering map of A onto I. On the one hand, 
® € A(A, II). Hence, the validity of (c) implies that for all z € A, 


(1 = |2I?)?1®"(2)| 


R(O(z), I) < 2C,(A, TI) < ©. 


On the other hand, R(w, II) = |®’(z)|(1 — |z|?) for w = ®(z), z € A. Straightfor- 
ward computations yield that 

®"(z) 
52) 


= 22 


|V R(w, ID)| = 2 | d R(w, Il) | 


pe = fa = le) 


_ Ie = |2l?)?718"(2)| [®'(2)| 
R(O(z),M) Oz) 


27]. 


Therefore 
|VR(w,TD| <2 +2C(A,T), well. 


Since R(w, II) = 0 for w € OU, we immediately get 
R(w, II) < (2 + 2C2(A,II)) dist(w, 00), w € II. 


This proves the right inequality. The left inequality in (d) is true for any hyperbolic 
domain (see [3] and [55]). This completes the proof of (c)=(d). 


The implication (d)=(a) is a simple consequence of known facts. Actually, if 
OI contains an isolated point wo, then (see [3] and [55}) 


R(w, I) = (2 + o(1))|w — wo log 


w—> wo €C, (6.7) 


|w— wo” 


and 
R(w, I) = (2 + o(1))|w|log|w], w— wo =o. (6.8) 


Hence, (d) cannot hold if OII contains an isolated point. 


This completes the proof of Lemma 6.3. 


Proof of Theorem 6.1. Suppose that OQ and OI do not contain isolated points 
and that f € A(Q, ID). 
For any fixed z € 2 we consider the function 


g: AT, C+ g(C) = flz+ 06), 
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where p = dist(z, OQ). It it evident that g € A(A,Q) and that 


ao(g) = 9(0) = f(z) and an(g) = p" f(z), nEN. 
Since OI does not contain isolated points, Lemma 6.3 implies that the quantities 
A, (I) are finite for all n € IN. Hence, 


(dist(z, 0Q))"|f™ (z)| = Jan(9)| < A,(I) (6.9) 


R(f(z), M1) R(ao(g), 1) 


for all n € IN. Using the equivalence (a)(d) of Lemma 6.3 with respect to 2, we 
get 


R(z, Q) < Ko dist(z, OQ), zeEQ, 
for a positive constant Kg. This inequality and (6.9) imply that 


Thus, 


for all n € IN. This completes the proof of one direction of the assertion. 


Suppose now that 2 and II are finitely connected hyperbolic domains in C 
and that C2(Q,II) is finite. Firstly, we use some counterexamples to show that 
OI cannot have isolated points. Suppose on the contrary that OII has at least 
one isolated point wo. Since C,,(Q,II) is invariant under linear transformations 
of and II, we may restrict ourselves to consideration of the following two cases 
without loss of generality. Either 


wo =0€ AN and A’=A\ {0} cI (6.10) 


or 
wo=co€ OU and Dye ={w]1<|w| <oo} CH. (6.11) 


In the case (6.10), we consider the functions 
UW, := fpo@5' € A(O, A’) C A(Q, TD), t € (0,00), 
where 65! is the inverse of a covering map ®g of A onto 2 and f; is defined by 
fr: AA’, Ce fi(C) = exp (-+ +) 
On the one hand, at zo = ®g(0) the condition C2(Q, I) < oo implies 


EHEC) < R(W4(20), Tl) = R(eW*, TM) = (2 + o(1))emtt 
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as t — oo. 
On the other hand, straightforward computations show that this is impossi- 
ble, since 


t?—t+t 


|i (z0)| (R(z0,2))? = 4e7* 


(0) | 


5(0)|" (6.12) 


In the case (6.11) we examine the functions 
G, := f,o Bo! € A(Q, D.) C A(O, 1), t € (0,00), 
where ®5 ' is defined as above and 


a ee 1+¢ 
fi: AX Do, co fl) = exw (¢ +4). 


In this case, we get for zo = ®a(0), 
Ni (<0)| (R(e0,.0))? = BCA + oft), 
as t > oo. This contradicts the condition C2(Q, II) < oo which implies 


[HY (z0)| (R(z0,9))? 


2€,(0,1D < R(e’, M1) = (2 + o(1))e*t, 


as t — oo. Thus, OI does not contain isolated points. 
Now, we prove that the analogous assertion holds true for 2. Firstly, we have 
just proved that there exists a positive constant Ky such that 


|VR(w,I)|< Kn, well. 
Now, let h be a covering map of ( onto II defined by 
h= 065! € A(O, I). 

Computations using the equality R(h(z), 1) = |h’(z)|R(z,Q) show that 


hl (z)(R(z,0))? _ (hl(z))? AR(w,T) __Al(z) AR(z,.2) 
2 R(w, I) (Ze Ow lni(z)| Oz” 


where w = h(z),z € 2. It follows that 


|VR(z,2)| < |VR(w, ID] 4 |n"(z) (R(z, Q)) 


2K Co(O 
Gy = 
for any z € 2. The boundedness of |V R(-,)| on Q implies that OQ has no isolated 
point. 

This completes the proof of Theorem 6.1. 
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6.2 Pairs of arbitrary domains 


We shall show that it is possible to define finite modified punishing factors even 
if QO contains the point at infinity and OO contains isolated points. To this end, 
we use the Euclidean distance, dist(w,0Q), from a point to the boundary of a 
domain. 

As a modification of Theorem 6.1 we get 


Theorem 6.4 ((21]). Let Q be an arbitrary hyperbolic domain in C and II a finitely 
connected hyperbolic domain in C. Then the modified punishing factors 
A | £ (2) (dist (z, A)” 


C,(Q,1D) := sup — sup : 
UD ay oe. mldist(f(@) 60) 


are finite for alln € IN if and only if OIL does not contain isolated points. 


Proof. Let f € A(Q,II). If II is a finitely connected hyperbolic domain in C and 
OI does not contain isolated points, then the inequality (6.9) holds for any n € N. 
Moreover, by the statement (d) of Lemma 6.3, there exists a positive constant Ky 
such that 

R(f(z), I) < Kndist(f(z),0M), 2€. 


This inequality and (6.9) imply that 
nm C,(9,11) < An(M) Kn, nel. 


This proves one direction of the assertion of Theorem 6.4. We prove the other 
direction considering again the functions VY; and WU, from the proof of Theorem 
6.1. Actually, suppose that II is a finitely connected hyperbolic domain in C, 
C2(Q, 11) < 00, and (6.10) holds. Then 


|W! (20) | dist (zo, AQ) 
2 C2(Q, 11) 


< dist(e~*, OM) = e~*. 


If we let t — oo, we see that this contradicts (6.12), since the quotient 
dist(zo, 0Q)/R(zo, 2) does not depend on t. A similar consideration in the case 
(6.11) reveals an analoguous contradiction. 


The next theorem gives a further modification of Schwarz-Pick type inequal- 
ities for any pair of hyperbolic domains. 


Theorem 6.5 ((21]). Let Q and II be arbitrary hyperbolic domains in C. Then for 
any f € A(Q,T1), anyn EN, and any z € 2 \ {oo} the estimate 


4” n| (eo) 
(dist( f(z), OI1))"—! \ dist(z, dQ) 


FM(z)| s 


is valid, if f(z) # co. 
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Proof. By the proof of Theorem 6.1, for f € A(Q,IT) and any fixed z € D (z 4 ~, 
f(z) # co) we have 


(dist(z,0Q))"|f™(z)| =n! jan(g)|, n EIN, (6.13) 


where g € A(A, II) is defined as above and ag(g) = g(0) = f(z). 

Now, let wo = f(z) and let ®q be a covering map from A to II, such that 
®y is a locally univalent function on A and ®{,(0) = R(wo, I). Moreover, for any 
simply connected domain II’ c I, any branch 


6,' 


Tl’ 
is a univalent function. We consider the branch 


v= 67! D(wo, p) = {w | |w— wol < p = dist(wo, OIl)}, 


D(wo,p)’ 
satisfying the condition UV(wo) = 0. The Koebe one-quarter theorem implies that 


the function 
R II 
hi AO, COMO = (wy + 0) oD 


attains all values in the disc D,/4 = {z | |z| < 1/4}. Hence, 


p 
De= {# | |z]<a= a} C U(D(wo, p)). (6.14) 


4 R(wo, 


Thus, ®y is univalent on Dg. 
As a consequence of the monodromy theorem, the function w defined by 


wi hod, Cr u(6)= 67" 09(¢), w(0) =9, 


is a holomorphic self-map of A. Hence, |w(¢)| < |¢| for all ¢ € A. This implies 
g(Da) C Pn(Da) C D(wo, p); 


since g(¢) = ®y(w(¢)). Applying Cauchy’s estimates for the Taylor coefficients of 
the function g — wo in the disc Dg, we get 


a"lan(g)| <p, neEN. (6.15) 
From (6.13), (6.14), and (6.15) it follows that 


4” n! (R(wo, I))” 


! 
(dist(z,99))"|f™(z)| < M2 < a 


ar 


d 


which is the desired inequality of Theorem 6.5. 
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Next, we shall examine some facts connected with Theorem 4.18. 


Let 2 and II be open sets on the Riemann sphere € that are equipped with 
the Poincaré metric of curvature —4. According to Poincaré’s generalization of 
Riemann’s mapping theorem, this means that the boundaries of Q and II contain 
at least three points in C and that the density of this metric in the unit disc 
A = {z| |z| < 1} is defined as 

1 
Aa(z) = fr 32" ze. 
As usual, we consider the set A(Q,II) of functions f : Q — II, which are lo- 
cally holomorphic or meromorphic and in general multivalued. Let n € IN and 
Qn(z, w, 2,11) be defined as the smallest possible value such that the inequality 


|#™ (2) (Ao(z))" 
— Qi OD Gay 


n! 
holds for all f € A(Q,ID), f(z) = w. For any pair (z,w) € 2 x IL and any n € N, 
normal family arguments give that there exists a function f € A(Q,II) such that 


f(z) = w and 
[F (2)| 


nl 


Qa(z))" 


= Onl, (2), 9,1) er: 


Moreover, it is easily seen that 
Cu(Q, 11) = sup{Qn(z,w, 9,11) | (2,w) € 2 x Tp. 
Here we shall need the function F defined in the proof of Theorem 4.18 by equation 


_ pt4q, if p+ 2q 2 4, 
F(p,q) := { 2+ p?/(8—4q), ifp+2q <4, 


(6.16) 


for p>0O and q>0. 


Theorem 6.6 ([27]). Let Q and II be open sets on the Riemann sphere that are 
equipped with the Poincaré metric of curvature —4. Then for any f € A(Q, ID) the 


estimate 2 
(o(z)) 


If"(2)| < FO. Seng (6.17) 


is valid for w = f(z), z€Q’ =CNQO, wel =CoY, p= |V (1/rAaQ(z))|, and 
qg=|V (1/An(w))|. The inequality (6.17) is sharp for any (z,w) € Q' x I’. 

Proof. We fix (z,w) € ’ x II’ and consider a function f € A(Q,TD, f(z) = w. 
Without loss of generality, we assume that 2 and II equal their components that 


contain z and w, respectively. For this case the assertion follows from the proof of 
Theorem 4.18. 
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As in Chapter 5 we denote 
(Q) = oan IV /Aalz))l, yD = sub IV (1/An(w))| 
ZE we 


and we want to give some bounds for C2(Q, II) dependent on the Euclidean geom- 
etry and on the conformal geometry of these sets. 

From Chapter 3 and Theorem 6.6 we immediately have the following corol- 
laries. 


Corollary 6.7. Let (2 and I be open sets in C equipped with the usual Poincaré 
metric. Then C2(Q, ID) is finite if and only if C\Q and C\ TL are uniformly perfect. 


Corollary 6.8. Let Q and II be open sets in C equipped with the usual Poincaré 
metric. Then the following assertions are valid. 


(i) C2(2,T1) = $((Q)+ y(ID), 
) 2(Mo(Q) + Mo(T)) < C2(Q,T) < 2x(Mo(Q) + Mo(ID)) + T(1/4)*/7?, 
(iii) 2(M(Q) + M(II)) —2 < C2(,1) < 20(M(Q) + M(I)) + P(1/4)4/22, 
) 


C2(Q,T1) > 2, where equality is attained if and only if all components of Q 
and II are convex. 


Together with the results of Chapter 4, where we proved that C,,(Q, 0) = 
2”~1 for convex domains © and II, Corollary 6.8 (iv) delivers the proof of a weak 
form of a conjecture published in [16]. 

We want to formulate the remaining parts of a stronger conjecture as 


Conjecture. Let n € IN \ {1,2} and let Q and II be open sets in C equipped with 
the usual Poincaré metric. Then C,(Q,1L) = 2”~! implies that all components of 
Q and II are convex domains. 


Now, we turn to the cases where the point at infinity belongs to 2 or IT and 
we prepare these considerations with a lemma which may deserve some interest of 
its own. 


Lemma 6.9 ((27]). Let Q be an open set in © equipped with the usual Poincaré 
metric and let oo € Q. Then the equations 


(i) tim |V (1/A0(2))| = oo, 
(ii) lim |V log Ag(z)|dist(z, dQ) = 2, 
are valid. 


Proof. Without restriction of generality we assume 2 to be a hyperbolic domain. 
To prove (i) we consider a universal covering map f of A onto 9 such that f(0) = 
oo. Let f have the expansion 


2=fQ=e+00, CEA, 
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where a 4 0 and ¢ is a function meromorphic in A and holomorphic in a neigh- 
bourhood of the origin. Direct computations using 


1 


Ao (2) = POG — Ie)” =f), (6.18) 
7 1 [20+ 89") 
ss at Cy" : 


If we take the limit z — co of the left side of equation (6.19), which is equivalent 
to taking the limit ¢ — 0 of the right side, we see that (i) is valid. 

To prove (ii) we multiply the left sides and the right sides of (6.18) and (6.19) 
with one another. If we multiply these products with |z| and |a/¢|, we get 


lim, |V log An(2)||2| = lim |V log Aa(F(0)) S| =a) (6.20) 


Since 02 is bounded, 
. dist(z, 0Q) 
lim SSS 


ZOO |z| 


=1. (6.21) 


The formulae (6.20) and (6.21) imply (ii). This completes the proof of Lemma 
6.9. 


Lemma 6.9 (ii) gives rise to a sharp infinity version of the Osgood-Jergensen 
theorem. For hyperbolic domains 2 C C the fundamental inequality 


|V log Ag (z)|dist(z,0Q) < 2, z EQ, (6.22) 


was discovered by Osgood (see [121], and compare also [111]). The proof uses 
certain results of Jorgensen (see [88]). One may observe that this proof in [121] 
and the related results in [88] do not use the fact that co ¢ 2. Moreover, in [88] 
Jgrgensen considers the case when oo € (1 as a basic one. This observation together 
with Lemma 6.9 (ii) leads us to the following theorem which proves (3.36). 


Theorem 6.10 ([21]). Let 2 be an open set in C equipped with the usual Poincaré 
metric. For any z € QNC the inequality (6.22) is valid. The constant 2 in (6.22) 
cannot be replaced by a smaller one if co €Q. 


6.3 Some examples 


Let II be a hyperbolic domain in the extended complex plane €. 
For fixed w € II \ {co} we consider the local Taylor expansions 


f(y) =wt S- an(w, f)z” 


n=1 
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valid in a neighbourhood of the origin. We will discuss some examples showing the 
behaviour of the quantities 

An(w, Tl) = sup{lan(w, f)| | f¢ A(A,TD, f(0) = w} 
regarded as a function of w (see [29]). 


Example 1. We consider the doubly connected domain 
Il = Do i= {2 € € | Jz) >1} 
and we prove that for n € N, 
An(w, Do) = Fr(— log |w)), (6.23) 


where 


1S ( n-1 \ (-20)' 
F,,(t) = —2te =| ‘i io n € NU {0}, 


is Bateman’s function of order n (compare [35] and [94]). The upper bound is 
attained if and only if there exist ~1, y2 € R such that 


f(z) Se Op. % (622) 


Further, 
. An(w, Doo) (dist(w, ODoo))"1 1 
lim = 
te (R(w, Dax))" nl 
and 
i An(w, Ds.)(dist(w, OD .))"1 glen 
im — ‘ 
Jwl—1 (R(w, Doo))” 


To prove these assertions we use that, for w = |wle’’, t =: log|w| > 0, the 
function ®p_, w is defined by 


Lez 
1—e-z 


®p_w(z) = e exp (: 


and that for any f € A(A, Dx), f(0) = w, there exists a uniquely defined function 
p holomorphic in A such that Re p(z) > 0 for z € A, p(0) = 1, and 


f(z) =e" exp(tp(z)). 
The first equation yields 
R(w, Do) = 2|w| log |w| (6.24) 
and the second by differentiation 


f(z) = tp'(2)F(2). 
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Using the Taylor coefficients of the expansion 


p(z) =1+ So Dk cae 
k=1 


we see that 
n-1 
ai(w,f)=twpi, nay(w, f) = t(wnpn + ys ar(w, f)(n — k)Pn—n)) n> 2. 
k=1 


To prove (6.23) and the assertion on the extremal function we remember that 
the inequalities |p,| < 2 are valid for k = 1,...,n, with equality if and only if 
p(z) = (1+ cz)/(1 — cz), |c| = 1, and the triangle inequality. Further we use the 
identity 


nF, (t) = —2t y(n — k)F;(t) 
k=0 


which we were not able to find anywhere, but which may be easily proved by 
mathematical induction and the difference equation 


(m — 1)(Fa(t) — Fna(t)) + (m+ 1)(Fn(t) — Fri (t)) = 2tFa(t) 


(compare [35] and [94]). 
Since 
F,(-#) 1 
ies (2t)%et nl’ 


the first assertion on the asymptotics of A,(w,D..) is an immediate consequence 
of (6.23) and (6.24). The second one follows likewise. 


This example shows that there are domains where the universal covering 
functions deliver the extrema for the moduli of all local Taylor coefficients. 


Example 2. For the doubly connected domain 
A’ ={z|0<|z| <1}, w=|wle”, t = —log|w| > 0, 
the universal covering function is given by 


: 1 —i0 
On wy = e”’ exp (-« ne =) 


1l—e 2 
and f € A(A, A’), f(0) = w, may be written as 
f(z) =e" exp(—tp(z)), 


where p is as in Example 1. It is easily seen by the same method as in Example 1 
that 
lan (W, PDo.w)| = |Fn(t)|.- 
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This has been proved in [94]. 

Notwithstanding the fact that the determination of A,,(w, A’) is very difficult 
the methods of Example 1 may be applied to get the right asymptotics near the 
origin. An analogous reasoning shows that for f € A(A, A’), f(0) = wu, 


lan(w, f)|(dist(w,A’))""* _— |pil” 
|w|—0 (R(w, A’))” 2" n! 


if we fix p in the above representation of f. Since |pi| < 2 where equality is attained 
if f equals a universal covering function, we get 
An(w, A’) (dist(w, 0A’))"-1 1 


li >) — ; 
|u| 0 (R(w, A’) nl! 


In a similar way, we get 


lan(w, f)|(dist(w,dA))"~* _ [Pn 


lim = 
|w|— 1 (R(w, A’))” an 
and conclude 
in Anus A’Vdist(w,OA))"! san 
|w|— 1 (R(w, A’))" , 


Example 3. Let 6 > 1 and the annulus As be defined by 
As ={z | 1 < |z| < d}. 


It is known that the hyperbolic radius in this case has the form 


_ log 6 5 log |w| 
R(w, As) = 2 |w| sin (= ae 


To get the asymptotics near the boundary we use the following representation of 
f € A(A, As), f(0) = w. Let 7 > 0 and t € (—7/2, 7/2) be chosen such that 


w=e (* “8° (145) ) ex (- ise h@er). 


Then there exists a function p that is holomorphic and has positive real part in 
A, p(0) = 1, such that 


5 
f(z) = exp (- log (¢ r(cos t p(z) + 4 sin »)) : 
Differentiation yields 


(cos t p(z) + isin t)f’(z) = —i cos 8 H(z) f(z). 
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The consideration of the Taylor coefficients in this formula yields 


log 6 
ai(w, f) = —ipiw 08 ° cos t 


and 


n-1 


nan(w, fe” + cos pe kare Pn—k 
k=1 


1 5 n-1 
ee es cos t (vr + So ax(n - Hm) . 


amet 
Tv 
k=1 


By a reasoning analogous to that of the second example we get 


jis An(w, As)(dist(w,0A5))"~! 


= gi-n 
wdAs5 (R(w, As))” 


To get a global estimate in this case we use A(A, As) C A(A, A) for w € As and 
|f(z)| < 6 for z € A. These facts yield immediately 


2 ios 2 
An(w, As) < min {Fol log |w]), en 


The difference between the first two examples and the third one lies in the 
fact that the quantity R(w,Q)/dist(wO0Q) is unbounded in the first two cases and 
bounded in the last one. 


Chapter 7 


Related results 


7.1 Inequalities for schlicht functions 


First, we will give an outline of the ideas and results that led to the conjectures of 
Chua. To our knowledge, E. Landau was the first who considered the possibility to 
follow G. Pick’s program as indicated in the introduction for the higher derivatives 
of schlicht functions. He proved the following theorem (compare Landau [98], Gong 
(71)). 


Theorem 7.1. If the Bieberbach conjecture is valid for n > 2, then for these n, any 
zo € A, and any function f holomorphic and injective on A, the inequality 


Lf (20) 


n! 


n+ |Zo| 


(= [aol vee 


< If") 


is valid. 


It is clear that, on the other hand, the validity of the Bieberbach conjecture 
follows from (7.1). The proof uses automorphisms of the unit disc in the same 
way as the formula of Sz4sz mentioned above. Since the same method was used to 
prove a similar formula of Jakubowski that originated in the first half of the last 
century, we give a unified proof for these two theorems after the presentation of 
Jakubowski’s Theorem (see [85]). 


Theorem 7.2. If the Bieberbach conjecture is valid for n > 2, then for these n, any 
zo € A, and any function f holomorphic and injective on A, the inequality 


< (a) =a (72) 


|f (z0)| 


nl 


is valid. 
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Proof of Theorems 7.1 and 7.2. Let f be injective on A. The function 
C+2 
f(s) 
(1 — |z0l?) f’(20) 


is injective on A and g’(0) = 1. Using Szasz’s formula and de Branges’ theorem 
for 


g(¢) = 


9(¢) = 90) +2+>— an¢* 


k=2 


we get immediately, as in Chapter 4, 


| f° (zo) |(1 = |z0|?)” “{n-1 ie ace es 
(1 — |z0|?)|f’(z0)| n! <¥( n—k ) |zo|"-"& = (n + |20|)(1 + [z0l)"~- 


Apparently, this is Jakubowski’s theorem. 
Since Landau was interested in an upper bound dependent on |zo| only, he 
used in his proof the distortion theorem 


f(z] 1+ [eo 
FO = @=le0l3 


for functions injective on A. Combining this with Jakubowski’s bound delivers 
Landau’s theorem. 


The case of equality in Jakubowski’s results has been discussed by Yamashita 
in [169] in detail. 


Further, Jakubowski recognized that by the same method, using Lowner’s 
theorem for the MacLaurin coefficients of functions f convex and injective on A, 
one gets the bound 


(1 + |z0|)"™* 


If (20) / 
ee eT Cola zy =2 


n! 


Here, again the case of equality is due to Yamashita (see [169]). 

A natural simplifying of these bounds is achieved, if one replaces in the nu- 
merator |z9| by 1. This results in the factors (n + 1)2”~° in the case of injective 
functions and 2”~! in the case of convex functions. These constants play an im- 
portant part in the present book, Chapter 5. 

Possibly, the resulting formula, the identity 


R(zo, A) =1- |z0|? 


and naturally de Branges’ theorem motivated Chua in 1996 to consider functions 
f injective or convex on simply connected proper subdomains Q of C (see [56]). 
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He proceeded as we did in Chapter 4 with the exception that for him there was 
no need to consider subordination. Therefore he arrived at a formula analogous 
to our formula (4.5). The first difference is that in his formula there appear the 
coefficients of schlicht or convex functions and not those of subordinates to them. 
The second difference is that he could use the identity 


R(f (20), f(Q)) = |f"(20)| R(z0, 2). 


Concerning a formula equivalent to the formula of Szasz that we used, he found a 
formula proved by Todorov in [163]. Naturally, he had to consider the coefficients 
of powers of inverses of schlicht functions, as we do. He knew the proofs of Lowner 
(see [110] and of Schober (see [147]) for the coefficients of the inverses themselves, 
but he was not aware of the fact that the extremality of the Koebe function 
for powers, where the exponent is a natural number, is a simple consequence of 
Lowner’s theorem. Therefore, he proved this fact using Baernstein’s integral mean 
theorem (see [32]) and the Schur-Jabotinski theorem (see [81], Thm 1.9.a). By 
these theorems, he could prove that for f injective on Q, z € 2, the inequality 


Lf (z0)| / aa 
eon ee IF Col CRG yet n > 2, 


n! 


is valid , whereas for f convex and injective he got 


2n-—1 
If (zo)| / ( - 
nl < lf (20)| (R(zo,0))"-2’ n 2 2. 


Further, Chua recognized that, for the consideration of similar problems for func- 
tions f injective or convex on convex proper subdomains of C that led him to 
his conjectures, one needs bounds for the inverses of convex functions. Using a 
theorem due to Trimble (see [164]) he suceeded in proving the conjectures up to 
n = 4. The results of Li (see [102] and [103]), who used theorems of Libera and 
Zlotkiewicz (see [104]) on the coefficients of inverses of convex functions, imply 
that these conjectures are valid for n < 8. 


As we have seen in Chapter 4, the computation of punishing factors is pos- 
sible, if one has a good knowledge of the inverse coefficients of certain functions 
on one hand and good results on the coefficients of subordinated functions on the 
other hand. 


If one reduces the interest to the conformal maps themselves, one can replace 
the subordination results by theorems on the bounds of coefficients of certain 
injective functions. We want to cite two examples where the proofs of the details 
are the same as in Chapter 4 and Chapter 5. In addition we need the interplay 
between a geometric property, the accessibility of order @ and an analytic property, 
the close-to-convexity of order (3. 
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Definition 7.3. A domain II is called (angularly) accessible of order G, 3 € [0,1], if 
it is the complement of a union of rays that are pairwise disjoint except that the 
origin of one ray may lie on another one of the rays, and such that every ray is 
the bisector of a sector of angle (1 — 3)7 that wholly lies in the complement of II. 


We use the following characterization of domains accessible of order (3. 


Theorem 7.4 (see for instance [127] and [93] and compare [41]). Let f be injec- 
tive and holomorphic in the unit disc and f(A) accessible of order 3. Then there 
exist a € [0,27], and functions g and p holomorphic in A such that the following 
conditions hold: 


(i) g(A) is conves, 
(ii) Re(e’*“p(z)) > 0 for z € A and p(0) = 1, 
(ii) f"(2) = (2) al (2) for 2A. 


Functions satisfying the proprties (i)—(iii) are called (nonnormalized) func- 
tions close-to-convex of order 3 and we owe to Ahoronov and Friedland the proof 
(see [2] and compare [146]) that for such functions the following inequalities hold. 


Theorem 7.5. Let f be close-to-convex of order 3. Then 


Lf") (0)| i. dt flea 
FO)! ~ 28+ (dz (=) 


z=0 


These theorems and the considerations and computations of Chapter 5 im- 
mediately imply the following theorems. 


Theorem 7.6. Let f be holomorphic and injective on a simply connected proper 
subdomain of C and such that f(A) is linearly accessible of order 3, 3 € [0,1]. 
Then for zo € Q and n €W the inequalities 


ol Set) 


Ltzo)|, (Reg QPF Bd n 
are valid. 


Theorem 7.7. Let f be holomorphic and injective on a simply connected proper 
subdomain Q of C, co € Q, and such that f(A) is linearly accessible of order 23, 
B € [0,1]. Then for z € Q\ {co} and n € WN and p(zo) defined as above, the 


inequalities 


ao = or ancl # )(o + seat 2)" 


are valid. 
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7.2 Derivatives of a-invariant functions 


Let Q be a simply connected domain in C with the density Ag of the Poincaré 
metric. Our aim is to find bounds for the function 


My(a,Ua(Q) = = max{|f(a)|: fe VaM}, a€ 


where a is a parameter and U,(Q) is a family of holomorphic functions with a 
given property. For instance, U,(Q) is the unit ball ||/|| < 1 in one of the usual 
spaces of holomorphic functions. 

To find M,, we will use the functions (see Chapter 3) 


1 44." log XS (a 
Mk = Uk(a,Q) = Goa oS), k=1,...,n. 


We start with a simple remark. For all conformal automorphisms y : Q — Q, 
the condition f € A(Q, IL) implies that the functions fow are members of A(Q, II), 
too. With this observation in mind, we shall consider the following generalization 
of linear invariant families by Ch.Pommerenke [126] (compare also [8]). 


The first definition deals with functions holomorphic in the unit disc A. 
Definition 7.8. Let a = const > 0, and let U, be a set of functions g such that: 
(i) g is holomorphic in A, 
(ii) for all conformal automorphisms y: A — A, 


9 Ua => Jag € Ua; 


where ga,y(¢) -= 9(¥(¢))¥'"(¢), 


(iii) g(¢) are uniformly bounded in the interior of A and (0,...,0) is an interior 
point of the coefficient region 


{(ao,---,@n) + 9(G) = @o + a1¢ +--+ € Ua}. 


The following definition describes a- invariant families of functions holomor- 
phic in a simply connected domain 2. 


Definition 7.9. Given U,, by U,(Q) we denote the set of all functions f such that 
f is holomorphic in 2 and fa,o € Ua for all conformal mappings ® of A onto Q, 
where fa,a(¢) = f(®(¢))®’(¢). If co € O, then we suppose that 2a € IN U {0}. 


Remark 7.10. The set A(Q, TD) is a 0-invariant family. 


Let P..(¢) be the polynomial 1+ wi¢+---+wn¢". For g(¢) = an tai¢+:--- € 
Ug, denote gn(C) = Gn +an—16+:+-+a9¢". We will consider the Hadamard product 


(gn * Pw)(Q) = An + Gn—1W16 setts af A0WnG”. 
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Theorem 7.11 ([14]). Ifa €Q and f(z) € Ua(Q), then 


M,,(4, Ua(Q)) = AQ** (a) max max |(gn * Pw)(6)], (7.3) 
geVa |¢|=1 
where w = (Tnn—1(@); Tryn—2(Q@),--+;Tn,0(@)), Tr,n(@) are defined by the following 


recurrent formulas: 
Tr,w(@) = 1, OS k <n, Teo(a) = Fo Hk—s75.0(4); l<k<n, (7.4) 


m—k+1 
1 
tina= >. 5Ts-1,0(1)Tm—se-1(@), 25k Sm<n. (7.5) 


s=1 


Proof. Let w be the conformal mapping of Q to A, (a) = 0, )’(a) = Ag(a) > 0. 
As in Chapter 3, we have 


Glog A(z) _ 8") _ 2) a) 


Oz (2) 1- (zo) 


Hence 
1 OF log A2,(a 1 (x) \ (B92) 
An (a)He(a,2) = (k—1)! pita  - (k—1)! (oe) : oy 
and 
ae = aM Q) fe41(a, 2)(z — a)® (7.7) 


in some neighbourhood of a. 
Consider the function 


9(C) = F(@(C))B'(C) =aotarct+..., CEA, (7.8) 


where z = ®(C) is the inverse of the function ¢ = w(z). It follows from (7.8) that 


£00) = = Yaa (2)w'(2))™ 
, "k=0 zZ=a 
= S- Aptm K(Q) 


with m! tm,4(a) = (*(z)W’*(z))™ |-<a. We have to prove that 


tin,k(@)/Ag T° (4) = Tm,k() 
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satisfy (7.4) and (7.5) for m= 1,2,...,n. 
From 


W(z) = Ao(a)(z — a)[1 + O(2 — a)], 


we have directly ty,,(@) = AS**(a) in accordance with 7; .(a) = 1. Using (7.6) 
and the Leibniz formula, we have 
a a wz (k-1) 
=$ (vat) 


il (2) LS, 


G8) |. 


teola) = H(H!(2)) 


Z=a 


sy ( Jorn 


s= 


AG *(@) He-sts,0(@). 


We also have 


Ona: (7 ) wane 


m! s Z=a 
s=0 zZ=a 
m—k+1 1 m—k+1 Tl 
> S- alm-—s p—1(a) (a! (z))S-Y S- —tm—s,h—1(@)ts—1,0(1). 
s=1 z=a s=1 8 


Mathematical induction gives (7.4) and (7.5) for Tr,4(@) = tn,~(a@)/AQ*™ (a). Thus, 
1 na 
ah (a) = GF (@)(n * Po) 


for w = (Tnn-1(@), Tnn—2(@),---,Tn,0(@)), 9(C) = f((C))&'°(¢). Taking into 
account the property 
9(6) € Ua = g(e-C) € Va, 


we obtain 
Mn(a, Uo) = = max{| f(a]: f € Val} 
= Agte(a) max |(n * Po)(1)] = NG**(a) max [Gn * Pa)(e")| 


= ate n* By 
o a) meemar|(9 * Py)(Q)| 


This completes the proof of Theorem 7.11. 


Using the well-known properties of max{|F(¢)| : |¢] = r} (0 < r < ow) 
for the analytic function F(¢) = (gn * P,)(¢) (see [59]), we obtain the following 
corollary . 
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Corollary 7.12. Let w = (Tn—1(Q@), Tryn—2(Q@),---,Tn,0(@)). The function 
Kw, Ua) = My (@, 05 (Q)) X38" (a) 


has the following properties: 
(i) Ky(w,Uq) depends ona andQ via w only, 
(ii) Ky(w, Uo) is a convex function from C"(= R2") to (0,00), 


(iii) there exist two positive constants c(n,a) and C(n,a) such that 
e(n, a) < Ky(w,Ua)/V1+ lw? < C(n,a), wee”, 


(iv) K(w1,...,Wn,Ug) = K(e®wy,...,e’ wn, Ua) for any 6 € [0,27], 


(v) for w €C", the function u(r) = K,(rwi,7r2we,...,r"Wn, Ua) is nondecreas- 
ing on0<r<oo and log u(r) is convex with respect to logr. 


In the case 0 < k < n—1, Tr,x(@) depends on n,k,a,a and 2. For example, 
if Q =A and aé€éA, then 


= n+2a—1 —n—k 
Tn,b(Q) = ( pies ) Ge 
Note that T,,~(@) does not depend on a € (1 if and only if (2 is a half-plane. 


In the general case, for domains 2 C C we proved that T,,,,(a@) are bounded. 
Namely, by Theorem 3.27 we have the following assertion. 


IfQ CC, then 
n—k 
2n+3a—1 oo, 
sup sup |Tn.~(a)| = : 7.9 
opsup |rm.(0) a same | (kare ee (7.9) 


From Theorem 7.11 and Theorem 3.27 one immediately obtains the following 
corollary. 


Corollary 7.13. There exists an increasing convex function Ky(.,Ua) : [0,co) > 
(0,00) such that 


My(a, Ua (Q)) = AG** (a) Ki (t, Va), t = alV Ag" (a)|- (7.10) 


TfQX CC, then 
Mi (a, U,(Q 
sup s i( ’ a( ) 


= K,(4a,U,). 7.11 
a aca ALtM(a) u ) ey) 
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Consider now Hardy, Bergman and Bloch spaces (see for instance [59], [7]). 


We use the following notation: 


1/p 
Ifllp = sup ( Vex. ite) for f € E,(9), p> 0, 


0<r<l 


where w is the conformal mapping of 2 onto A, w(a) = 0, w’(a) > 0; 


a 1/p 
flo = (2 i [[ serrx*@aeay) . petesd, 


TT 


for f € Ap,y(Q); 
Ile =suplf@)/Ad?@| for f€ Bi), p > 0. 
ZzE 
Theorem 7.14 ([14]). [ft =|VAg'(a)|, then for any a € Q, 


f'(a)| < Abt/?(a) (1+=) Ills p>, 


f'(a)| < abt/”(a) (@ tp Metilag tiny? ) Wik, pes. 


L 
Pp 

1+1/(y)) (2+ 1/2) | t 
salona (A + 


where T denotes Euler’s gamma function. 


) Plies brass 


f'(a) < Ne P(e) (c — p)'/P-1/291-1/pp-1/2 Fit =| Il fllp; 0<p<l, 
Pp 


(7.12) 
(7.13) 
(7.14) 


(7.15) 


The estimates (7.12), (7.13), (7.14), (7.15) are asymptotically sharp as t > +00, 


(7.12), (7.13) and (7.14) are also sharp at t = 0. 


Note that if U,,, is the unit ball in the Hardy space H,, then the function 
Ky (t, Uy /p) is known by [114] in the cases p > 1+t/2 and 1 < p< max{2,1+t/2}. 


For Bloch space Bj (Q) we obtain from Corollary 7.13 and [165], 


|f!(2)| = (2 + py/Ptt/22-M Pp 1/2 o1/P (a) key (|grad Ag*(a)|); 


max 
FllpSt 


where k(t) = MAX) <p<,/143/plt + ta /p — (1+ 2/p)x?](1 — 2?)/?. 
Proof of Theorem 7.14. From Theorem 7.11 we obtain 


My (a, Ua(Q)) = sup (Jaa| + |71,0(@)||a0]) Ag" (a), 
geUa 


(7.16) 
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where ap = g(0), a1 = g'(0), |T1,0(a)| = alVAG'(a)|. If a = 1/p, p > 1 and 
g € Hp, then |ao| < ||g||p and |a1| < ||g||p (see [59]). Taking into account Corollary 
7.13, we have (7.12). 

If a =1/p, p > 0 and g € Bi(A), then the region {(|ao], |a1|) = |g|l} < 1} is 
given in [165], and we get (7.16) and (7.14). 

Consider the case g € Ap,(A), p > 1. By Hardy’s theorem, 


27 
27|g(0)|? < i: |g(re) |? dd, O<r<l. 
0 


This yields 


Ae 1/p 
l9llp.y = |@o| (+ / 2r(1— ryan) = |aol. 
0 


We also have 


Ilo 2 Ilglla.y = 2lealey — yf ples) de 
0 
= |ar|V7T'(y)/(20(y + 1/2)). 


Hence, (7.15) holds. 
If 9(¢) € Hp (0 < p < 1), then |ao| < ||g||, (see [59]). Using the estimates 
from [157], we have |a1| < (2 — p)!/?-1/22!-1/pp-1/2_ Thus, (7.13) holds. 


Theorem 7.15 ((14]). If f € Aa,y(Q), then for any a€ Q and any y > 1, 


i <P 1/2 
nk | 5D A ee 
ae @ veao 
Proof. By direct calculation, we obtain 


lalla = pail ae ) ws?) - 


k=0 


4 max 
Me \Ifll2+<1 


IF (a)| = do" (a) (so oe 


k=0 


By the Cauchy-Schwarz inequality 
. “(k 1 - 
+ —— 
| So an 7m, «(a)| < |Iglle,4 (>: ( , ) oD 
k=0 


k=0 


Equality holds for g(¢) = a9 + a1¢ +--+ + an¢” if and only if 


(FT 7* ) traa(a)] = ax const, k=0,1,...,n, 


which completes the proof of (7.17). 
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Theorem 7.16 ((14]). If f € E,(Q), then for alla € Q, 


£(a)| eas 


— max 
nl lifes XO*™/?(a) (Spa Tm, (4)[2)¥/2 


c(n,p) < 


with the constants c(n,p) and C(n,p) such that 
c(n,p) =1, Cl(n,p) = const ni/P-ll2 for 0O<p<2 


and 
ce(n,p)=n¥/?2-VP, O(n, p) =1 for 2< p<. 


Remark 7.17. For p = 2, Theorem 7.15 and Theorem 7.16 are well known (see for 
instance [114] ). 


Proof of Theorem 7.16. It is obvious that c(n,2) = C(n, 2) = 1. Hence, c(n,p) >1 
for 0 <p <2 and C(n,p) < 1 for 2 <p < +00, because H, C Hz for p> a. 
Let p > 2. Hence, ||g|l2 < ||g||p. By the Hausdorff-Young inequality, we have 


llanlly < (>: nt) 7 (- +i= 1) . 


k=0 


Consequently, by the Holder inequality, 


re 1/2 
lIgnllp S (+ PMP (>: lu?) 


k=0 


Thus, c(n,p) > n'/?-1/P for p > 2. 

To complete the proof of Theorem 7.16, we have to prove that C(n,p) = 
O(n\/P-1/2) for 0< p< 2. 

Let 0 < p< 1.Ifg(¢) =ap+a,¢+--- € H, and ||g||, < 1, then by the Hardy- 
Littlewood theorem (see Theorem 6.5 in [59]) ay, = 0(n'/?-1). Consequently, 


C(n,p) = max az|2)'/2 = O(n/P- 1/2), 
(n,p) mas, (2 Kl) ( ) 


Let 1 < p < 2. If ||g||p < 1, then by the Hausdorff- Young inequality, 


= a i. 4 
63 eu!) < lll (+ ee i) , 
k=O Pp qd 


Using the Holder inequality, we obtain C(n, p) = O(n!/?-1/2), 
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7.3 A characterization of convex domains 


Everybody who reads Chapter 4, Section 5 very carefully will recognize that, 
for the proof of the 2”~! conjecture, we only need one of the Marx-Strohhacker 
theorems. This inequality characterises the functions of the closed convex hull 
of the convex functions, but not the convex functions themselves. On the other 
hand, we know from Chapter 4, Section 6 that convex pairs are the only ones for 
which C2(0, I) = 2. At first glance, this seems to be a contradiction. Thinking 
of this problem, we found that an invariant formulation of the mentioned Marx- 
Strohhacker inequality in fact characterises convexity. The proof of this fact forms 
the content of this section and it seems to explain the geometrical background of 
Theorem 4.15. 

Let go be a function holomorphic and univalent in the unit disc A. We suppose 
that go(0) = 0, g4(0) = 1 and II := go(A) is a convex domain. To characterize 
II we shall use the fact that for such a function go one of the well-known Marx- 
Strohhacker inequalities, namely 


Re (2) > - ze, (7.18) 


holds (see [115] and [155]). For unified proofs of this and many related inequalities 
one should consult [118]. 


The formula (7.18) is equivalent to the existence of a bounded holomorphic 
function w: A — A such that 


go(z) _ 1 
2) ieee zed. (7.19) 


We will consider the following question. Let h be a function holomorphic on 
A. Suppose that h’(¢) 4 0 for any ¢ € A and that A(A) has the Marx-Strohhacker 
property for any point zo = h(t) € h(A), i-e., the function go defined by the Koebe 
transform 


hn (asst) — Al) 
90) = ra) 


satisfies inequality (7.18) for any t € A. This is equivalent to the inequality 


re (a 4 ) 7 a ar al an 


What can be said about 2 = h(A)? We find that h(A) is a convex domain, 
so that an assertion inverse to the Marx-Strohhacker theorem is valid. 
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Theorem 7.18 ([24]). Let h be a function holomorphic in A, such that h'(¢) 4 0, 
¢ € A, and such that condition (7.20) is satisfied. Then 


(i) the function h is injective on A and h(A) =Q. is a convex domain, 
(ii) for any n> 2 and any z € A the following sharp estimate is valid: 


A(z) nz h-V(z) n! 
hi(z) lz? (2) | (= lel)e 8 + lal) 


(7.21) 


Proof. The condition (7.20) immediately implies h(t) 4 h(z) for ze A, te A, 
t # z, and therefore the injectivity of the function h on A. Now, we fix t € A and 
we consider the function 


h(z) — R(t) 1—tz 1 
hit) (2-#)(1— It?) 


It is evident that y(t) = 1 and that Re y(z) > 0 for any z € A. Ina neighbourhood 
of the point t we have the Taylor expansion 


- Ald (t) i nD (t) a 
oe) = 142° (Ta ces we) ee 


Since 1/A,(y(t)) = 2Re y(t) = 2, using the Schwarz-Pick lemma one easily gets 


yp(z) = 2 zed. 


h''(t) Qt 2 
(t)| = < te A 
Ol = |eay ~ Toe] S cop PES 
which is equivalent to the inequality 
1 + |t\? 2|t| 
teA (22 
| Pe oes (7-22) 
where H(t) 
=l1+t : 
mee cO 


The condition (7.22) implies Re w > 0. Therefore (see for instance [128] and [146}), 
h is injective on A and Q = h(A) is a convex domain. 

To get (ii) for n > 3 we apply Ruscheweyh’s theorem 4.6 to get sharp esti- 
mates for the derivatives 


pet) (AM) ont ODA) 
Gar (or a TO) : a 


d 


indicated in (ii). Equality in (7.21) at the point z = z € A occurs if 
z z 2 


h(z) = = 


1— Z%z/Zz 2 — Zz 


This completes the proof of Theorem 7.18. 
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Remark 7.19. According to the above, the condition (7.20) is a new necessary and 
sufficient condition for h(A) to be convex that does not use the second derivative 
of h. It may be worthwhile to mention the conditions of this type that have been 
proved before. To our knowledge the first one was 


zh'(z) 2 
Re a oo) >0, |t]< ze) <1, 


proved by Brickman in [46]. Sheil-Small ([151]) and Suffridge ([156]) proved the 
characterization 


zh'(z) t 1 
Re (7S a Pig zEA, tEA 


of convex funtions h. The third condition we want to cite seems to be the most 
famous. It has been proved by Ruscheweyh in [141] and it was used by Ruscheweyh 
and Sheil-Small in [144] to prove the Pélya-Schoenberg conjecture. This one is as 
follows. 


z ¢€-t h(z)—Ah(t) ¢ ) 1 : 
Re h(¢)—h(t) 2z-¢ a: A, teA, CEA. 


One curious difference between these characterizations of convexity of h(A) 
and (7.20) seems to be that (7.20) contains nonanalytic terms. 


Chapter 8 


Some open problems 


8.1 The Krzyz conjecture 


As we have seen in Chapter 6 it is a very difficult task to find sharp punishing 
factors or substitutes for them in cases where multiply connected domains are 
involved. From this point of view, it seems natural that the difficulties become 
nearly insuperable, if one allows the points zo € 2 or f(zo) € I, or both to vary, 
and asks for the maximum. Nevertheless, there exists one problem of this type 
that has attracted researchers for many years because of the conjectured simple 
solution. This is the so-called Krzyz conjecture. 
It is concerned with functions f € A(A, A’), where 


A= Ay) 02) <1} 
and the conjecture is that 


max {Ope aa,a')} -2 


ni 


for any n € N (see [96]). It is obvious that the conjectured bound is attained for 


the functions ; 
+2” 
f(2) = exp (= ) , 


gn 


The story of this conjecture began with a problem posed in [101], where the case 
n = 1 of the above is considered. It is remarkable that in the solutions found 
in 1934 the universal covering function of A’ plays the decisive role. After the 
formulation of the conjecture by Krzyz, there was a lot of effort to solve this 
attractive problem. The cases n = 2 and n = 3 were solved in [84], for n = 4 see 
[161], [47], and [158]. The case n = 5 was solved recently in [145]. 

We cannot deny that our considerations for the case of multiply connected 
domains began with the hope to get a simple dependence of the upper bound of 
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f(0) in this difficult problem. We were able with the above theorems to get the 
simple cases n = 1 and n = 2, but not more. 

We may be allowed to conclude this section with a little observation which 
may prevent others from attacking this problem. In the above cited article, Szapiel 
poses the following problem: Do the estimates 


Se As(F)| <n, (8.1) 
j=l 
hold for all schlicht functions 
F(z) = 2+) 0 An(F)2”, 
n=2 


whenever 
n 


SGC | <1 gor all |¢/ <a? (8.2) 


j=l 
We find that the answer is positive and that more is true. 


Theorem 8.1. Let c; satisfy the condition (8.2). Then the inequality (8.1) holds 
for any function F subordinate to a schlicht function Fo € S. 


Proof. If we define 
Ri = Ce, 
j=l 


we see that the Schwarz lemma indicates that the condition (8.2) is equivalent to 
P(A) c A. Therefore the Sheil-Small theorem (see Chapter 2 and [152]) imply 
that the inequality 

(P* F\(e*)| <n 


holds for all 6 € [0,27] and not only for all F € S, but even for the case that 
F is subordinated to a schlicht function. This proves the theorem, a far-reaching 
generalization of (8.1). 


8.2 The angle conjecture 


As we have seen in Chapter 5, for f € A(Q, Hq), a € [1, 2], the inequalities 


|f™ (z0)| ¥ ote. ( Cras] ) (Aa(Z0))" 
n An(f(Z0))’ 
are valid as well for 2 = A as for 2 = Hj. It seems reasonable that these inequal- 


ities are true for any convex domain 2. Concerning this conjecture, we will show 
now that it is true, if f(z) lies on the line bisecting the angle Hy. 


n>2, 2 €Q, 


n! a 
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Theorem 8.2. Let Q be a convex proper subdomain of C and Hy an angular domain 
with opening angle am, a € [1,2]. Let further f € A(Q, He), 2 € 2, and f(z) 
lying on the bisector of Ha. Then for n > 2 the inequalities 


If (zo)| 27! ( n+a—1 \ (o(zo))” 
n! S a ( n Vee, 


are valid. 


Proof. Let v be the vertex of the angular domain H, and 


f(z0) — v = |f(z0) — vle*?. 


Then the Riemann mapping function ®7,, f(,,) is given by 
1+ ze—*vo \ * 
Bin so) = 0+ (Fo) - ) (T=) 
Hence, 
1 
zo)) = ——————_. 
Ha S20) = FoF) — ol 


Choosing an appropriate function w : A — A such that 


®(C) = On, F(z) (Cw(¢)) 
has the property ®(A) = f(Q), we get 
f = ® O° Voix: 


If we now proceed as in the above proofs of the generalizations of the two Chua 
conjectures, we see that for the proof of the present assertion we have to show 


that 
gn-1 _ 
< Gee: sa (8.3) 
a 


n 


S- Cr (a) An,k 


k=1 


n 


where the function represented by the series 


So ce(a)g* 
k=1 
is subordinated to the function 
1 (f1+¢\° - k 
— A 
- (44) 1) So haley (8.4) 


and the A, , represent the coefficients of the powers of inverses of convex functions 
as above. 
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Analogous to the proofs mentioned above we want to show now that for 
functions 


w(z) =o d,¢*, 
T=0 


mapping the unit disc into the closed unit disc, the inequalities 


p-l 


So (p—T)ep-7(@)dr| < phyla), pen, (8.5) 


T=0 
are valid. To this end, we consider, as in the proof of the 2”~! conjecture, the 


region of variability of the linear functional 


p-l 


L(g) = So (p a T)Cp—r(a)d,, 


T=0 


where w is fixed and g is varying in the family of functions subordinated under 
(8.4). According to [44], [45], and [146] these functions g have a representation 


g(¢) = tf ((j58) -1) dpi(t), 


with a probability measure yz : [0,27] — R. Hence, it is sufficient to prove the 
inequality (8.5) for c;(a) = e’"h;(a). Further, the rotational invariance of the 
family of unimodular bounded functions indicates that we only need to show that 


p-l 


S(p— 1) hp-r(@)dy 


T=0 


< ph,(a), peEN. (8.6) 


We want to thank at this point St. Ruscheweyh for pointing out to us the idea of 
this proof. His idea was to consider the polynomial 


Q(¢) = S- (p= T)hp—7() ox 


Sag phy(a) 


and to show that the function Q * w is a unimodular bounded function. 
According to [152] (see especially the theorems (2.6) and (3.2) of this article), 
this can be reduced to the proof of 


Re(Q()) > 5. CEA. 


By the application of a theorem due to Rogosinski in [138], to achieve this aim it 
is sufficient to prove that the coefficients of Q form a monotonic decreasing convex 
sequence. This means that 


(k+ 1)he4i(a) — khe(a@) = 0, k=1,...,p—1, 
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(k+ 2)hp+2(a) = 2(k ae 1)hpsi(a) oe k hx(a) 2 0, k= 1, ey a 2, 


and 
2h2(a) as 2hi(a) = 0. 


To prove these inequalities we have to insure that the coefficients of 


1d (4) — (+¢)et 
QadG@\i-¢/ — (l-dgjett 


form a monotonic increasing convex sequence. This is easily seen by recognizing 
that 


G+Qe" 
Oe aaa 
has nonnegative coefficients. 


A comparison with the proofs of the generalizations of the two conjectures 
of Chua above reveals that we can get the inequality (8.3), setting again 


14+¢ 


@ _ ale _ e(o-1) log( 348) 


(w(Q)? = Sodio, CEA 


j=0 


and using (8.6) in the chain 


< lente) +52 ( 


See (a) An.k 
k=1 


= n—-l1 2-1 / n+a-1 
Eo (nrk ) mor Oe ( My ). 


The last identity has been shown in Chapter 5. 


8.3. The generalized Goodman conjecture 


In many of the results of the present book it could be proved that the bounds for 
the moduli of the Taylor coefficients of the functions in a certain family of functions 
holomorphic in A are the right bounds for the related coefficients of the functions 
subordinated to the above ones. Therefore, we dare to formulate a challenging 
conjecture that generalizes as well the Rogosinski conjecture, which naturally is a 
theorem nowadays, as Jenkins’ theorem 2.7 on the Goodman conjecture. 


132 Chapter 8. Some open problems 


The generalized Goodman conjecture. Let f be injective and meromorphic in A. 
Further let f be normalized by f(0) = f’(0) — 1 = 0 and have the pole at the 
point p € (0,1). Ifw: A: A, then we conjecture that for the expansion 


1 n-1 
lan(g)| & prot Sie, n= 2, 
k=0 


are valid. 


This relation between f and g will be denoted by g < f as in the holomorphic 
case. To support this conjecture we prove that it is valid in some special cases. 
The first one deals with little values of p. 


Theorem 8.3. The generalized Goodman conjecture is valid for n = 2, p € (0,1), 
for n = 3, p € (0,0.7), and for n > 4, p € (0,1/(2n — 2)). 
Proof. For f(z) = z+ 3725 anz”, |z| <p meromorphic and univalent in D with 
pole p € (0,1) and w(z) = 3>..9 enz”, w : D > D, we have to find the least upper 
bound for 

ler + a2(co)?| 


in the case n = 2 and for 
lez + 2cyea2 + (€9)%a3| 


in the case n = 3. In the first the triangle inequality, Jenkins’ inequality (see [86]), 
and the Schur algorithm (see[148]) deliver as an upper bound 


1+p? 1+>p? 
1 —|e9|? + |eo|? —— < —=—. 
Pp Pp 


In the second case, we use 


C2 _ _ G0(e1)? lea |? 


1— leo)? ~~ —leol?)?] ~ (1 — |eo|?)? 


(see[148]). Using the triangle inequality and the abbreviations 


= 22 251eH| 
t=|c|, y= (@— el?) 


we get 
Jeo] < (1 — 2?) (ay? +1- 27). 
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Therefore, we have to maximize 


(1 — #7) (ay? +1 — 2?) + Qry(1 — x?) - x zB = F(x, y;p) 
for (x,y) € [0,1] x [0,1]. 
Since ‘ 5 
EF 1 
—— = 9(1 — 2g?) (ue-1) +2 22 ) >(<) 0 
Oy P 
for P 
x 1+p 
et Ca 
—Z p 
and 
x l+p <1 
1l-—az p 
for 5 
<< 
"STH pt p’ 
in these cases we have to check the local maximum of F in 
_ « 1+p? 
a ae p 


Inserting this delivers a monotonic increasing function of x. So we have to check 
that this function at 


gee 
1+p+t+p? 
is less than (1 + p? + p*)/p?. This is the case for p € (0,1). 
For p 
x2 > 
~ l+p+p? 


we have to consider 
2+ p+ 2p? 31 —2p— 2p? + p4 
¢———— + @ : 
Pp Pp 


F(a,1,p) = 


For those p for which the derivative of this function with respect to x is positive 
for x < 1, the proof is complete. 
This is the case for 


2+ VI19 
pe si Le = 0.7088023.... 


For n > 4 we consider 


(zw(z))* = $0 65,424 
j=k 
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and we see that cz.~ = (co)* and therefore 


len] S1—leol™, J 2k. 


Hence, 
n n-1 k-1 pr n—-1 pe 
lan(9)| =| envax] SD) | (1 lool”) D) ez | + lool” Doo 
k=1 k=1 j=0 P g=0 


We want to prove that this is less than or equal to Yes (p23 /p”—+). This inequality 
is equivalent to 


n—-1 [2k-1 k-1 ; n—-1 n-1 : 
~ ~ j —~ prs j prs 
Slay, =D Gy aa 

pe-1 pri 
k=1 j=0 j=0 j= j=0 


We use the rough estimate 


2k—-1 n-1 
S> leo? <2S 0 leol’, 1Sk<n-1, 
j=0 j=0 


and we see by some elementary calculations that 


n—-1Lk-1 25 n-1 25 
P Pp 
oe ey 
k=1 j=0 j=0 


for p € (0,1/(2n — 2)). 


The second theorem is concerned with the condition that f(A) is concave, 
ie., C\ f(A) is a convex compact set. The family of functions with these properties 
will be denoted by Co(p) as in Chapter 5, Section 1, and the family of functions 
w:A—>Aby B. 


Theorem 8.4 (see [26]). Let p € (0,1). If f € Co(p) and g  f, then 


1 
lan(g| < —= > v**, neN. (8.7) 


For the proof of Theorem 8.4 we use a representation formula for the functions 
in the class Co(p) that was derived in [167] and [23] as a simple consequence of 
Theorem 4 in [117]. 


Theorem 8.5. Let p € (0,1). For any f € Co(p) there exists a function w, € B 


such that ; ame (2) 
— wa(1l+U1(Z))z 
cane 1+p? 
f(z) = rz [= , ZEA, (8.8) 
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The first step in the proof of Theorem 8.4 concerns the first factor in the 
representation (8.8) that we will denote by fi, 
z 


filz) = ; zéEd. 


12 
P 


We prove that, for this member of Co(p), one may replace the sum in Theorem 
8.4 by 1. 


Theorem 8.6. Let p € (0,1). If g < fi, then |an(g)| < a, ne N. 


pr-t? 


Proof. Let w € B such that g(z) = fi(zw(z)), z € A. This implies 


g(z) = w(z) (< + a2) , zed. (8.9) 
Now, to prove Theorem 8.6, we use a method due to Clunie (see [57]) and a 
generalization of a theorem of Robertson (see [137]) proved in [380], Lemma 2.1. 
This is the meromorphic version of the Rogosinski lemma (see our Theorem 2.4). 

The application of this lemma to the identity (8.9) yields that for any n € N, 


the inequality 
n n 2 
2 lan—1(9)| 
So lax(g)? <1+ $0 
k=1 k=2 P 


is valid. The assertion of Theorem 8.6 follows by mathematical induction using 
1/p>1. 


Next, we consider the second factor in the representation (8.8) that we will 
denote by f2 and we prove the following inequalities. 


Theorem 8.7. Let p € (0,1) and for w € B, 


g2(z) = fo(zw(z)) = 1+ >> Bez*, zED 
k=1 
Then for any n € WN the inequality 
S- Bul? < Sop (8.10) 
k=1 k=1 
is valid. 
Proof. Obviously, 
—wi(z) 
DZ 
fez) =1+ ———, zed 
1— zp 
Since ; (2) 
pT Wie 
ite <1, <zeéEA, 
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there exists a function wa € B such that 


Nea e wae zed. 


Let w3(z) = we(zw(z)), z € A. Then w3 € B. Hence, the function go — 1, 


ws(2)pzw(2) oy 


cd ia 1—zw(z)p ’ 


=} 


is quasi-subordinate to the function h, 


hoy = =) ged: 
1— zp 


The notation of quasi-subordination was defined by Robertson (see [137]). He 
proved that the above relation implies in our case the inequality (7.9) (compare 
also [128], Theorem 2.2). This completes the proof of Theorem 8.5. 


After these preparations, it is easy to prove Theorem 8.4 as follows. 
Proof of Theorem 8.4. If g <~ f and f € Co(p), we conclude from Theorem 8.5 
that there exists a function w € B such that 
g(z) = filzw(z)) fo(zw(z)). (8.11) 
Let x 
filzw(2)) = So Anz’, 
k=1 


where this expansion is valid in some neighbourhood of the origin. From (8.11) we 
get forn EN, 


n-1 


an(g) = A, + So AgBa 


k=1 


The Cauchy-Schwarz inequality shows that, for any n € NN, the inequality 


1/2 te 1/2 
lan(9)| < (>: 4] (1+ Fim) 
k=1 


k=1 


is valid. If we use Theorems 8.6 and 8.7 to estimate the right-hand side of this 
inequality, we get 


n-1 1/2 n-1 1/2 1 n—-1 
lan(9)l < (Se) (S) eS 
k=0 k=0 Dp k=0 


This completes the proof of Theorem 8.4. 
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It is obvious that the estimates in Theorems 8.4 and 8.6 are sharp. In Theorem 
8.6, equality is attained if 


a2) =a, Id=1 
P 
In Theorem 8.4 equality occurs for 
Cz 
g(z) = » |el=1. 
(1 =) (1 — zp) 


These are conformal maps of A onto 


enue 


(compare [15] and [166}). 


The third theorem proves the generalized Goodman conjecture for univalent 
functions with real coefficients. They belong to the class of functionss typically- 
real and meromorphic, introduced by Goodman in [72]. The defining relation for 
this class is, as in the holomorphic case, 


S(f(z4) S(z) >0, zed. 


It is easily seen that this implies that in our case the residuum of f at the point p 
is negative. Goodman proved a representation theorem that implies the following 
application to univalent meromorphic and typically-real functions normalized as 
usual. 


Theorem 8.8 (see [72] Theorem 9). Let f be a function univalent meromorphic 
and typically-real in A having the residuum —m < 0 at the point p. There exists 
a function t holomorphic and typically-real in A and a nonnegative constant M 


such that 
1 
M+m ( = 1) =1 
Pp 


it vA 
fe) = Mate) + m (2 1) (1 — zp)(1 — z/p)’ Bae 


Using this representation it is easy to prove (8.7) for univalent meromorphic 
and typically-real functions. 


and 


Theorem 8.9. Let f be univalent meromorphic and typically-real in A. If f has its 
pole at the point p € (0,1) and g < f, then (8.7) holds. 
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Proof. According to a theorem proved by Robertson in [135], for any function 
typically-real and holomorphic in A there exists a probability measure yz on [0,7] 


such that - dyi(6) 
zd 
t(z) = A. 
(2) i 1—2zc080+ 2" * 


Since the kernel functions belong to the class S, the truth of the Rogosinski con- 
jecture for univalent functions and a convex hull argument imply that for g; ~ t 
the inequalities |a,(g1)| <n, n > 2 hold. 

From Theorem 8.4 above we know that for 


1 — zp)(1 — 2/p)’ 


the generalized Goodman conjecture holds. Hence, 


ga(z) < ( 


1 
lan(ga)| < > Dov. 
P k=0 
From the identity 
= 1 = : 
1 Soe ped (git + pk i; if n = 2u, 
ae, 1+ Dea (ge te"), if n=2u+1 
we conclude that 
1 n-1 
2k 
pr Yop Zn 
k=0 


we see that 


Jeng) S Mlan(n)| +m (21) lan(on)l ¢ Sex Do 


This proves Theorem 8.9. 


Using the bound found by Jenkins and well-known subordination techniques, 
it is not difficult to find upper bounds for |a,,(g)|. We give two examples 
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and 
- 2\ 1/2 
n 1 = 2 
lan(g)| < SS ~~ dop 
kai \P j=0 


It seems that these estimates reflect approximately the right asymptotics of the 
least upper bounds for p — 0, but it is evident that they are bad for p — 1. 

An upper bound that fits better for the neighbourhood of p = 1 can be found 
if one applies the validity of the Rogosinski conjecture to the function f,(z) = 
f(pz)/p that belongs to the class S. By this procedure we get 


Jan(9) S Sar 


We add a last inequality for the coefficients an(g) that follows immediately from 
the generalized Goluzin-Rogosinski theorem 2.5 using Jenkins’ theorem 2.7. Taking 


we get 
nm n 
S- lax(g)|?Ab < S- Jax|7 An <n. 
k=1 k=1 
Obviously, this inequality is sharp for the function for which Jenkins’ theorem is 
sharp. 


8.4 Bloch and several variable problems 


We want to avoid the impression that the above considerations are the only pos- 
sibility to generalize the Schwarz-Pick lemma to higher derivatives. Therefore we 
mention some questions that arose when we studied the work of colleagues on 
generalized Schwarz-Pick type estimates (see [38], [112], and [113]). 

For example, it has been proved in [112] that for f € A(A,A), a, 6 > 0, the 
implications 


ep LAMA=1ePY 
mck 1 -IfF@P)? ~ 
FO (2)|( = [2282 
sch IF)" 


<o, n>2, 


are valid. 
On one hand it seems natural to ask whether one can compute an explicit 
relation between these two suprema. On the other hand this result together with 
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our theorems on punishing factors suggests the question for which pairs (IT) of 
domains and a, 2 > 0 implications of the form 


F(Z) RQ, 2)? 
zen RAL, f(2))* 
f(z) | R(Q, ze} 


=> sup < ow, n>2, 
zEQ RI, f(z))* 


are valid. 

The results of MacCluer, Stroethoff, and Zhao in [113] may give rise to anal- 
ogous problems even for functions of several variables. Since it would be lengthy to 
cite their definitions and theorems, we prefer to conclude with open questions that 
are simpler to formulate and that originated in the following result of Bénéteau, 
Dahlner, and Khavinson (see [38]). They proved that for an analytic function 


POP A, (eyeees2n) OO f(zty 12520) 


and any multiindex 
OES (@iys.s90n) € (INU {O})” 


the inequality 


|D* f(z, -_ -%n)| Tai (1 7 |zx|?)* 


sup < 00 
(21,---,2n)EA” Li |f(z)/? 
holds, where D® f(z1,...,2n) is the usual abbreviation for the derivative of order 


a. 
Again, one may ask for estimates for this supremum or consider generaliza- 
tions of this result to other domains instead of A. 
For new results on similar generalizations of Schwarz-Pick estimates compare 
[5], [6], [68] and [92]. 


8.5 On sums of inverse coefficients 


As we have seen frequently above, a decisive part in the computation of punishing 
factors is played by inverse coefficients A,, of the kth powers of functions injective 
in the unit disc. Lowner’s Theorem 2.7 and its generalizations provided us with 
satisfactory solutions for these problems. If subclasses of S are considered, the 
situation is far less nice. The most famous of such problems is the question for 
bounds in the convex case. 

For the function 


f= lc| =1, (8.12) 
the identities 
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hold forl<k<neN. 
R. L. Libera and E. J. Zlotkiewicz proved in [104] that 


|Ani]<1, n=2,3,4,5,6,7 


for the inverse coefficients of convex functions. This result implies the validity of 
the estimate 


n—-1 
[Anal < ( bd ) (8.13) 


for n between 2 and 7. 
On the other hand W. E. Kirwan and G. Schober got by explicit computations 
that 
Myo = max {|Ajo,1|} > 1.2, 


where the maximum is taken over all convex functions (see [90]). A detailed dis- 
cussion of 
M,, = max {| Ani |} 


may be found in [50] and [58]. J.T.P. Campschroer showed in [50] that 

M,=0 2'n). 
It may be interesting that for k big compared with n the inequalities (8.13) hold 
true. 


Theorem 8.10. For the inverse coefficients An, of convex functions, n > 4, and 
n/2-1<k<n, the inequalities (8.13) are valid. 


Proof. As above, we use the Schur-Jabotinsky theorem and, in addition, the fact 
that a convex function f is starlike of order 1/2. This implies that the function h 


defined by 
He) = = (£2) 


is a starlike function. Hence, we may consider the Taylor coefficients of 


where hf is starlike. But from [140] we know that the modulus |bin/2(P) | of the 
Taylor coefficients of these functions is bounded from above by [bin j2(k)|, where 
k is the Koebe function or one of its rotations and | < n/2 + 1. In most cases, the 
Koebe functions are the only extremal functions. This proves our theorem. 


But in our computations of punishing factors, weighted sums of the A, , are 
the most important elements. If one looks at punishing factors for convex pairs 
(see section 4.5), one may recognize that the proof of Theorem 4.12 would be very 
short, if the following conjecture (compare [22]) could be proved: 
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Conjecture. For the inverse coefficients of convex functions and for any n > 2, 
the inequality 


ye |An.x| < ont 
k=1, 


is valid. 


The validity of this conjecture for 2 <n < 7 follows immediately from the 
above. 

A sharp estimate for the sum of squares can be derived from section 4.5 and 
an application of Theorem 2.5 on subordinate functions. Actually, one easily gets 


n— 


dy lAnal’ = 
k=1 LU 


2 
na 
nm 


Gun 


1 
=0 
n-1 2 2 
n— pb n _ f{ 2(n-1) 
Ga ee) 
u=0 
Here, equality is attained for the functions (8.12). 


If one uses this inequality to estimate the sum of moduli of the inverse coef- 
ficients by the Cauchy inequality and the Stirling formula, one gets immediately 


n 1/2 
S- |An. al < vii( mae, ) < gn-1y) 1/4. 
k=1 


If one wants to compute punishing factors for functions holomorphic on (- 
accessible domains, it would be necessary to know something of the inverse coeff- 
cients of functions close-to-convex of order @ or of weighted sums of the moduli of 
these inverse coefficients (compare section 7.1 and section 5.6 on lower bounds). 
The problem of such inverse coefficients is addressed in [90], but those results do 
concern only early coefficients. It seems natural to us to conjecture inequalities for 
the sums mentioned above to get new conjectures on punishing factors. 
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